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give, and gifts will be given you. Good 
measure, pressed down, shaken together, and 
running over, will be poured into your lap; 
for whatever measure you deal out to others 
will be dealt to you in return. 
(The Gospel according to Luke, 6: 38) 
Abstract 
An experimental study has been made of the propagation of 
a low-amplitude mechanical impulse in a granular medium. The response 
of granular matter to an applied impulse is primarily governed by the 
behaviour of the contacts between its constituent particles. The 
contact behaviour depends on the existing static load on the bed, on 
the history of previous loading, and on the characteristics of the 
applied impulse. 
A procedure has been developed to enable beds with & 
consistent and reproducible initial state to be deposited and prepared, 
thus permitting a certain isolation of the effects of loading history. 
Measurements of the variation of velocity of propagation 
and attenuation of transmitted impulses with applied static load, 
impulse duration and intensity, and distance of propagation, have 
been made on beds of four size fractions of dry sub-angular sand, and 
comparative experiments performed on beds of common salt and silicon 
carbide. 
The velocity of propagation of the impulse is found to 
vary with the static load raised to some power. The experimental 
values of this exponent are close to the one-sixth power dependence 
predicted by Hertz contact theory, but the results show systematic 
departures from this value related to the size fraction of material. 
The magnitude of the received impulse is found to decay 
exponentially with distance, at constant static load, yielding a 
distance attenuation factor. The magnitude and direction of the 
variation of this attenuation factor with static load is observed to 
depend in an involved manner on the particle size fraction and the 
impulse duration. 
Literature relating to the deposition and packing of 
granular media, the effects of applied stress and vibration, wave 
propagation, and theoretical analyses of the mechanics of granular 
matter, has been reviewed. 
The contact theory of Hertz, as developed in particular 
by Mindlin, forms the basis of an analysis of the observed phenomena. 
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CHAPTER 1 INTRODUCTION 
In a paper published exactly a hundred years ago, in 1882, 
entitled, "Ueber die Berlilirung fester elastischer K8rper" (Concerning 
the contact of solid elastic bodies), the German physicist Heinrich 
Hertz wrote: 
Im Folgenden wollen wir einen hierher gehHrigen Fall 
behandeln, der praktisches Interesse hat, den Fall 
~ich, dass zwei elastische isotrope K8rper sich 
in einem kleinen Theil ihrer Oberfl~che berHhren, 
und durch diesen Theil einen endlichen Druck der 
eine auf den andern aus~ben. (59) 
(In the following, we wish to consider a pertinent 
case, which is of practical interest, the case, 
namely, that two elastic, isotropic bodies are in 
contact with each other over a very small part of 
their surface, and through this part one body 
exerts a finite pressure on the other.) 
This examination by Hertz of the transmission of a normal force 
through the area of contact of two spherical bodies provided a 
fundamental analysis of the consequent stress distribution and 
deformation of the bodies, and also yielded quantitative results 
which have been of considerable practical significance for applied 
mechanics. 
The prese.nt study is concerned with the propagation of 
a mechanical impulse in a granular medium, and in its approach to the 
behaviour of granular matter, may be considered as an application and 
extension of Hertz's analysis of the contact of elastic bodies, in. 
that an attempt is made to treat the phenomena involved in terms of 
the state of the inter-particle contacts of the constituent grains. 
The principal case investigated is that of a deposited 
bed of granular material, subject to a known externally applied static 
load, through which a small-amplitude mechanical impulse is transmitted. 
The investigation concentrates on the situation in which the static 
load is relatively large in comparison with the magnitude of the 
impulse. The impulse then constitutes a small, additional,transient 
loading of the bed, and does not result in bulk movement or 
re-arrangement of the particles. Attention is also given, however, 
to the transition from this regime at low static loads. 
The factors determining the propagation of a mechanical 
impulse in a granular medium are complex, relating to the state of 
the inter-particle contacts, and to the form of the impulse. 
In general, the forces acting at contacts between particles are 
directed obliquely and not at right angles to the contact surface. 
Largely as a result of the work of R.D. Mindlin, who extended the 
theory of Hertz to cases of tangential and oblique loading of elastic 
bodies in contact, considerable potential exists for the application 
of this analysis to the mechanics of granular matter. This work also 
reveals reasons for the complexity of the observed phenomena, since 
it shows that the behaviour of the inter-particle contacts depends 
not only on the state of loading, but also on the history of previous 
loading. In addition, the normal and tangential stress-strain relations 
at a contact are both non-linear, and the tangential relation is also 
inelastic. Combined with the involved nature of the structure of 
a packed bed and the distribution of applied stress within it, the 
difficulties inherent in a theoretical or experimental treatment of 
its behaviour become apparent. 
The present investigation has aimed to develop a greater 
understanding of some aspects of this complex behaviour, through an 
experimental examination of the ve1ocity of. propagation and attenuation 
of a compressional impulse in a granular medium, in relation to the 
applied static load, the particle size fraction of the material, and 
the magnitude and duration of the impulse. In view of the dependence 
of the behaviour of a granular medium on the history of loading, both 
predicted by Mindlin and observed in preliminary experiments, an 
essential first step in the investigation was to devise a technique 
to obtain packed beds with a consistent and reproducible initial 
state. The development of this technique, and of the experimental 
apparatus and procedure for the propagation experiments, is described 
in Chapters 2, ~ and 5, and the experimental results obtained are 
presented and discussed in Chapter 6. 
The range of interest in these phenomena, both theoretical 
and practical, may be seen from the variety of disciplines represented 
in the literature review (Chapter J). In soil mechanics, the 
2. 
transmission of transitory stresses is important in the consideration 
of foundation calculations. The propagation behaviour investigated 
here has application to tracing the complicated response of a particle 
bed during vibratory compaction, which is of importance in a variety 
of industrial processes. In both active and passive seismology, the 
structure of the body through which a wave has propagated is interpreted 
in terms of the characteristics of the received signal. In this field, 
renewed interest has been shown in the past decade, as a result of 
the lunar seismic results obtained during the Apollo space programme, 
which revealed features significantly different from those observed 
on earth. 
The theoretical analyses presented in Chapter 7 seek to 
explore and develop the application of the Contact Theory of Hertz 
and Mindlin to a disordered packing of granular material, in conjunction 
with the results obtained in the experimental programme, and attempt 
to reflect some of the interest, both fundamental and practical, in 
a phenomenon which is widely encountered in nature and in many 
industrial and technological situations. 
3 
CJIAPrER 2 PRELIMINARY EXPE!ill!ENTAL WORK 
Preliminary propagation experiments were performed using 
a modified existing vibration apparatus, based on an electromagnetic 
vibrator (Derritron, Model V.P.25), driven by a 1 kW low frequency 
amplifier. A general view of the apparatus is shown in Plate 2.1, and 
a schematic diagram is given in Figure 2.1 • 
The vibrator was mounted beneath an 85 mn diameter steel 
tank, through the base of which protruded a stainless steel piston 
connected to the vibrator table, and on which were mounted a quartz 
crystal force transducer (Kistler, Model 910A) and a 1.5 inch diameter 
vibration input disc. The piston could be vibrated vertically, either 
continuously, or in a single-cycle mode, using this facility on the 
signal generator (Feedback Instruments Ltd, Model TWG 500). The 
frequency range in either mode was 5 Hz to 6.5 kHz, this being the 
range of the vibrator. The motion.of the piston was monitored by means 
of an accelerometer (Brael and Kjaer, Type 4332) mounted on the vibrator 
table. The calibrator and pre-amplifier into which the signal from the 
accelerometer was fed (B~el and Kjaer, Type 4292) contained integration 
networks giving outputs proportional to velocity and displacement as 
well as acceleration. A detail of the vibrator table is given in 
Plate 5.2, showing the transmitter piston and accelerometer. 
The use of a large diameter vessel was intended to minimize 
the effects of reflections from the walls during impulse propagation 
experiments on relatively deep beds of granular material. In fact, even 
' 
with the power available from the vibration system, it proved to be very 
difficult to obtain an acceptable signal-to-noise ratio at the receiver 
for packed beds deeper than about 25 cm. For experimental convenience, 
therefore, the granular beds for most of the preliminary experiments 
were deposited in a 30 cm diameter steel cylinder placed upright in the 
centre of the bottom of the tank. This reduced the quantity of granular 
material required for a given depth of bed to about one-eighth of that 
for the large vessel. A hopper fitted with a discharge valve was used 
to deposit the material, being raised above the experimental vessel 
using the laboratory overhead crane. A similar discharge valve in the 
base of the tank facilitated the removal of the material after each 
experiment. 
Impulses or continuous vibration propagating through a 
deposited bed were detected at its surface by means of a second force 
... 
Plate 2.1 
A general view of the preliminary 
experimental apparatus. 
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Plate 2.2 
Preliminary experimental apparatus; 
detail of vibrator table showing the 
transmitter piston and accelerometer. 
Plate 2.3_ 
Preliminary experimental apparatus; 
the receiver transducer assembly. 
7 

transducer (Kistler, Modd910A) mounted between a 1.5 inch diameter 
receiver disc and a 250 gm reaction load of the same diameter. This was 
positioned on the surface of the levelled bed after deposition. The 
receiver transducer assembly is shown in Plate 2.3 • 
The output of the accelerometer, together with those of the 
transmitter and receiver force transducers, amplified by charge 
amplifiers (Kistler, Model 566), were displayed on a four-channel storage 
oscilloscope (Tektronix Ltd., Type 56qB), the sweep of which was 
triggered by the'signal generator. Data relating to the transmitted 
and received impulse or vibration were obtained from the stored traces, 
either by direct measurement using a transparent scale, or by processing 
16 mm photographs of the traces on a 'Vanguard' image analyser. 
A series of experiments was performed on beds of Redhill 65 
sand (British Industrial Sands Ltd) deposited in an initially relatively 
loosely packed condition, in an attempt to determine the effects of 
periods of continuous vibration at a given frequency and peak acceleration 
or displacement on the propagation of subsequent impulses. The aim of 
this series was to develop a technique for the vibratory preparation 
of beds of granular material which would give consistent and reproducible 
initial states for the impulse propagation investigation. 
The frequency range investigated for the preparatory 
continuous vibration was 50 Hz to 1 kHz, of double amplitude up to 60 pm. 
The impulses were principally single cycles of sinusoidal oscillation at 
2 kHz. This frequency gave a sufficiently rapid rise time to enable 
propagation velocities to be determined to within about 2%. It also 
reduced the effects of the low-frequency noise produced by the vibrator's 
air-cooling system and its associated electronics, and the interference 
caused by the nois~ of other equipment in the laboratory and neighbouring 
workshops, and gave an acceptable signal-to-noise ratio at the receiver 
for beds up to about 25 cm deep. 
This series of experiments revealed a complicated set of 
effects. The velocity of propagation of a single impulse, and the 
magnitude of the peak stress at the transmitter and receiver, were found 
to depend on the frequency and amplitude of the preparatory vibration, 
and on the amplitude of other single impulses preceding the impulse 
in question. In particular, a few seconds or more of continuous vibration 
at frequencies below about 200 Hz resulted in low values of propagation 
velocity and low peak stresses of subsequent impulses. The magnitude 
of this effect increased with increasing amplitude and decreasing 
• .. 
frequency of vibration. Conversely, a short period of continuous 
vibration at higher frequencies resulted in much higher values of 
propagation velocity and higher stresses of subsequent impulses. This 
effect was most marked between 300 and 600 Hz and diminished at higher 
frequencies. Typical values of the velocity of propagation were 125 ms-1 
after 100 Hz vibration and 190 ms-1 after 500 Hz vibratian. This change 
in the velocity of propagation could be repeated many times in succession 
on the same granular bed, simply by alternating periods of higher or 
lower frequency vibration between impulses. This effect is illustrated 
in a typical'experimental sequence set out in Table 2.1. 
In addition to the effects of continuous vibration, Table 
2,1 shows the effect of tmpu+se amplitude on the magnitude and velocity 
of subsequent impulses. In the range of impulse amplitude available 
at 2kHz (o - 12 pm), a sequence of impulses smaller than about 5 pm 
applied to a bed after low frequency vibration propagated with gradually 
increasing velocity. The velocity generally reached a stable value after 
about 10 impulses. Conversely, impulses greater than about 7 pm applied 
to a bed after high frequency vibration resulted in a t~end of decreasing 
velocity. This latter effect was, however, less pronounced after a 
period of several minutes vibration at ~00-500 Hz, after which the bed 
was able to propagate impulses throughout the amplitude range without 
significant changes in the velocity of subsequent impulses occurring, 
unless low frequency vibration were again applied to the bed, when a 
reduction in the velocity would again occur. 
Signals from the accelerometer and the two force transducers 
displayed on the oscilloscope during continuous vibration showed a 
variety of waveforms, and were subject to considerable distortion. 
In particular, at frequencies greater than about 200 Hz, the receiver 
transducer output from the surface of the bed indicated almost no stress 
for up to about 80% of each cycle of vibration, and a large positive 
stress pulse with a very s~or~ rise time for the remainder of the cycle. 
Later examination of the work of Gray and Rhodes (~9) (50), which is 
described in Section 3.~, suggested that a similar phenomenon of 
periodic loss of contact between the granular material and the input 
disc during each cycle of vibration, with the subsequent free fall of 
particles and impact with the disc, may be involved here. 
Further effects were observed. The influence of vibration 
between 300 and 600 Hz on the velocity of propagation of subsequent 
impulses was greater if the vibration was reduced to zero gradually 
q 
Impulse 
Amplitude 
Impulse 
Velocity 
-1 
ms 
Peak Input 
Stress 
-2 kNm 
Peak Output 
Stress 
kNm-2 
Figures refer to a single impulse immediately following the action 
described. 
Initial impulse 5.0 
1 minute continuous vibration at 100 Hz; double amplitude 
125 
50 pulses at same amplifier setting. 
125 6.0 
0.28 
50 pm· 
0.07 
30 seconds continuous vibration at 500 Hz; double amplitude 
0.09 
30 pm 
0.65 195 
100 pulses at the same amplifier setting. 
Amplifier setting increased, 
9.2 
Next pulse at new setting. 
9.2 
70 pulses at same setting, 
9.2 
100 pulses at same setting. 
9.2 
185 
185 
170 
150 
150 
10,2 
10.2 
30 pulses at amplifier setting reduced to previous level. 
0,42 
0,94 
1,06 
0,56 
0.56 
4.5 170 5.2 0.34 
50 pulses at same setting. 
4.3 175 5.4 0.46 
1 minute continuous vibration at 100 Hz; double amplitude 30 pm 
4.5 125 1,2 0.07 
120 pulses at same setting. 
4.5 150 6,0 0,14 
1 minute continuous vibration at 500 Hz; double amplitude 30pm 
4.3 185 4,4 0,34 
20 pulses at same setting. 
4.5 195 6.6 0.36 
Table 2.1 Influence of continuous vibration and 
previous impulses on observations of 
impulse propagation; an example of an 
experimental sequence. 
10 
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{over a period of 10 seconds or more) than if it were simply switched 
off. Together with the phenomena described above, this suggests that 
the complex behaviour results at least in part from variations in the 
packing of the particles and uneven loading of the intergranular contacts 
in the bed, especially in the proximity of the input disc. Following 
an observation of Wieghardt (141), who found that the vertical static 
pressure at the base of a cylindrical bin containing granular material 
increased after vibration, a load cell was placed in the experimental 
vessel, to record the vertical static load of ·the material. The sensing 
surface of the cell was approximately 2 cm higher than the input disc, 
and 8 cm radially distant from it. For newly deposited beds, the static 
load was generally found to increase with vibration above )00 Hz and to 
decrease with vibration below 200 Hz. The difference between the two 
values after periods of a few seconds vibration at 400 Hz and 100 Hz 
could be as great as 25 %. This effect was, however, greatly reduced 
after several minutes vibration at any frequency, and the static load 
tended to fall from the value immediately after deposition of the bed to 
a limiting value, suggesting that the vibration was removing residual 
stresses in the bed resulting from its deposition and subsequent levelling. 
A pattern of behaviour qualitatively reasonably consistent 
with that described above was observed throughout the series of 
preliminary experiments. In quantitative terms, however, success in the 
development of a technique of bed preparation to give consistent 
propagation data was limited to the velocity of. propagation of impulses. 
No pattern of vibratory preparation was found which resulted in 
reproducible values of input and output stress, or of the ratio between 
them. 
Examples of the results of experiments to determine the 
velocity of propagation of an impulse are given in Figures 2.2 and 2,) 
(In the figures, transducer separation is the distance through the bed 
from the transmitter to the receiver.). The size fractions of granular 
material are those described in Section 5.2 (i) • A quantity of sand 
was discharged from the hopper into the )0 cm diameter cylinder to give 
a shallow bed. The bed was levelled with a straight edge, and then 
vibrated continuously for 5 minutes at a frequency of 400 Hz and a 
peak-to peak amplitude of 40 pm• At the end of this time, the vibration 
was reduced to zero slowly over a period of )0 seconds. The receiver 
was then positioned at the centre of the surface of the bed, and the 
travel time of 5 pulses of single cycles of 2 kHz oscillation, amplitude 
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4.5 pm. was determined. An average value was calculated; this is the 
value shown in the figures. The receiver was then removed, a further 
quantity of sand deposited onto the existing bed,· and the levelling, 
vibration and travel time determinations performed as before. This 
procedure was repeated until the arrival time of the impulse was 
impossible to determine with adequate precision due to the low level 
of the received signal. 
While these results show reasonably good internal 
consistency, the repetition of an experiment with the same material 
fraction and using the same technique led to variations in the resulting 
value of the velocity of propagation as high as 20%. This is thought 
to be due in part to the practice· of increasing the bed depth by adding 
material to the surface of the existing bed, which could lead to the 
perpetuation of any existing inconsistencies in later measurements. 
The same procedure was, however, maintained in a modified 
form in the final ·group of preliminary experiments, which combined a 
reflection on the deposition work of Kolbuszewski (80), described in 
Section 3.3, and the generation of impulses of higher frequency using 
a piezo-electric material as the source. In these experiments sand 
was deposited at a constant, low rate from a funnel, and was dispersed 
by impact with a 1mm diameter steel wire stretched across the top 
diameter of the small experimental cylinder. This method of deposition 
was found to reduce considerably the need for subsequent levelling, and 
resulted in beds of lower and more consistent porosity than those 
obtained by vibratory compaction. 
The direction of propagation in these experiments was 
the reverse of that used previously, the force transducer on the piston 
serving as the receiver. The vibration system was not used. Impulses 
were generated by applying a D.C. potential across opposite side faces 
of a bar of PZT (lead zirconate titanate - see Section 5.1), contained 
in a transmitter assembly. This assembly was essentially that shown in 
Figure 5.4, the main difference being the absence of the mild steel 
loading plate. The applied potential caused the bar to oscillate 
temporarily at its resonant frequency, and in particular gave a 
well-defined and reproducible first cycle of oscillation. 
After the deposition and any necessary levelling of the 
bed, the transmitter assembly was centrally placed on the surface, and 
the travel time and peak stress of received impulses were recorded for 
a range of voltages applied to the transmitter crystal. The transmitter 
/If-
·- . ____ .!__ 
was then removed, an additional quantity of sand deposited, and further 
readings taken. The procedure was repeated several times. The results 
for the velocity of propagation gave values of the same order as those 
from the previous experiments, with comparable internal consistency and 
somewhat better reproducibility. However, in addition, the observations 
of the peak stress of the received impulse were found to correlate quite 
well with transducer separation in an exponential relationship. Results 
from two experiments, using the same crystal frequency and fraction of 
sand, are shown. in Figure 2,4. 
In each case, only the observations of peak stress from 
impulses generated by an applied potential of 200 volts are shown, 
since the magnitude of the received impulse was invariably found to be 
linear with applied voltage. For both experiments, the magnitude of the 
received impulse, p, is related to the transducer separation, z, by a 
relation of the form: 
-kz p =Fe 
where F (Nm-2) and k (m-1) are constants for a given experiment. The 
equations of the lines of best fit shown in Figure 2.4 are: 
p = 533 e- 25•2 z and p = 394 e- 30 •7 z 
The large variation in the value of F may result from the fact that the 
PZT crystal was removed from the transmitter assembly between the 
experiments for cleaning of the contact surfaces, The difference between 
the values of k may have resulted from the method of increasing the bed 
depth as discussed earlier. 
In a final experiment using the preliminary experimental 
apparatus, the effect of increasing the static load on the bed on the 
travel time of the impulse was investigated. A bed of sand was deposited 
using the funnel and dispersing wire method, and after levelling the bed, 
the transmitter assembly was placed on its surface. The static load on 
the bed was varied by placing a series of weights on the top of the 
transmitter assembly, and the average travel time of an impulse was 
obtained at each load, The results are plotted logarithmically in 
Figure 2,5, and the reasonable fit of the majority of the points to a 
relationship of the form predicted by Contact Theory (see Section 3.6) 
was considered promising. The slope of the power law ("'-i-), though 
high compared with the predictions of the theory, was not considered 
unreasonably so, given the unsophisticated nature of the preliminary 
trial. 
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The results of the preliminary experimental work described 
in this chapter, together with the general appreciation of the 
phenomena involved, provided, in conjunction with the findings of the 
literature review, necessary data and background information to the 
considerations leading to the choice of the nature, method and range 
of the principal experimental investigation. Further evaluation of 
the preliminary work is given in that context in Chapter ~. which 
follows the presentation of the literature review. 
/8 
CHAPrER 3 LI.TEBATURE REVIEW 
3.1 Introduction 
A large number of factors combine to determine the 
velocity of propagation, attenuation and changes in waveform of 
an impulse or wave in a granular medium. In addition to the effects 
of the properties of the individual particles, and the form of the 
impulse or wave, factors related to the packing of the material and 
the nature and history of externally applied load exert a crucial 
influence on the propagation behaviour. The method of deposition of 
a packed bed, and its subsequent treatment, may affect the packing of 
the bed and the state of its particle-particle contacts, and the 
propagation of an impulse or wave may itself result in changes in 
the structure and state of the bed, 
In the following review, the packing of granular 
matter is first discussed, Literature relating to the influence of 
deposition conditions and the effects of vibration on packed beds is 
then surveyed. Finally, in the two principal sections of the review, 
experimental studies of wave propagation and theoretical analyses of 
relevant aspects of the mechanics of granular matter are described 
and discussed, 
Reviews of literature relating to various aspects of 
the present study have previously been presented by, among others, 
Deresiewicz (22)(25)(26), Eastham (30), Farouki and Winterkorn (33), 
Gray (47)(48), Vaisnys and Pilbeam {129) and White {138). 
3.2 The packing of granular matter. 
Host granular materials consist· of particles of irregular 
shape and varying size, whose relative positions and orientations within 
a packed bed depend on the manner of its deposition, and on subsequent 
treatment resulting in, for example, particle rearrangement in compaction. 
The formation of the bed inevitably involves processes of a random nature, 
and these combined with the irregularities of size and shape of the 
particles result in disordered structures, which defy analytical description 
without considerable simplification and approximation. 
A frequently used approximation is that of a sphere with a 
diameter equivalent to some stated property (e.g. volume or surface area) 
of the irregular particle. 
Heywood (62). Analysis is 
Such equivalents have been described by 
further simplified if the bed is considered 
to consist of spherical particles of equal diameter, and the bed can be 
completely described analytically if these monosized spheres are considered 
to be arranged in one of the possible regular packing modes. For these 
systems, the position of each sphere, and the number and location of the 
contacts between the spheres are precisely known. A summary of regular 
packings is given in Table 3.1 • (Other systematic packings have been 
suggested; those of }~egold et al. are noted by Gray (47, p. 46f).) 
These packings, which have been discussed in detail by Graton and Fraser (46) 
have formed the basic models for the application of contact theory to the 
behaviour of granular media. In a discussion of particle packing and 
contact theory Vaisnys and Pilbeam (129) suggested that if a regular 
array is considered necessary to model aggregate properties that depend 
strongly on contact behaviour, a simple cubic array is probably more 
representative than the close-packed arrays. Extensions to the analysis 
of regular packings have included the effects of introducing smaller 
spheres into the interstices of the packing (e.g. Horsfield (63), lfuite 
and Walton (137), Hudson (65) ). 
Some attempts have been made to derive analytical expressions 
for the geometrical properties of random packings of spheres, using 
statistical geometry (e.g. Blum and Wilhelm (10), Beresford (8), Gotoh 
and Finney (45)' ) , or interpolation schemes based on regular lattices 
(e.g. Iwata and Homma (71) ). Such packings have also been studied 
experimentally using various marking techniques to reveal the distribution 
of the particle-particle contacts. Thus, Smith, Foote and Busang (118) 
introduced a solution of acetic acid into beds of lead shot. The acid 
was carefully drained, and after some hours the deposits of lead acetate, 
. Type of Packing Co-ordination Spacing Volume of Density 
Number of layers unit prism 
Simple cubic 6 2R s:a3 Tr/6 
Cubic tetrahedral 8 2R ~If R3 Tr/3/J 
Tetragonal sphenoidal 10 R./3 6R3 21T/9 
Pyramidal 
(face-centred cubic) 12 R./2 ~./2 R3 Tf/3./2 
Tetragonal (close-
packed hexagonal) 12 2R/273 ~J2 i5 Tr/3/2 
Table 3.1 Regular packings of equal spheres (from Deresiewicz (22) ). 
which indicated ~ere a small ring of liquid had been retained at each 
contact, were counted on each particle. Bennett and Brown (6) noted the 
areas left unstained after passing iodine vapour through beds of starch 
particles, while Gray (47, p.19) indicated contacts on steel balls 
using acidified copper sulphate solution. Bernal and )~son (9), and 
Scott and Kilgour (111), among others, have used paint to mark the 
contacts. 
The results of these and other studies of random packings 
of equal spheres have shown a well-characterized maximum packing density 
of 0.64 with an average co-ordination number of about 6.5 • A random 
loose packing with a density of about 0.60 is less well-defined than the 
random close packing. 
Investigations of random packings of ball-bearings with 
a range of sphere sizes including log-normal distributions have shown 
that the packing density increases with increasing standard deviation 
of size distribution (Wakeman (132), Dexter and Tanner (27) ). 
The fact that for any sphere in a random packing the 
distribution of contacts can only be described statistically constitutes 
a major difficulty in applying contact theory to such particle beds. 
In addition, care is needed in the use of data derived from models 
' 
marked using the techniques described above, due to the difficulty of 
discriminating between touching and near contacts. Gray found that 
a contact mark was always produced if the balls were separated by a 
distance less than one-thousandth of an inch. Bernal and Hason measured 
an average of 8.5 'contacts' per ball in the maximum density packing. 
Of these, 2.1 were 'near' contacts, having gaps of up to 5% of the 
sphere radius. The remaining 6.4 contacts were touching or 'close' 
contacts. Authors such as Bernal and ~son, investigating the molecular 
2.1 
structure of liquids, have expressed their results in terms of a radial 
distribution function, giving the average number of sphere centres as a 
function of increasing distance from a central sphere. Caution is needed 
in using the first peak of this function to give the average number of 
contacts per sphere in a granular assembly, since it may include near as 
well as close contacts. Characteristics of radial distribution functions 
obtained from experimental packings of steel balls are described by 
Finney (3~), and comparisons with computer-generated distributions are 
shown in Powell (105). 
The advent of powerful digital computers has made.possible 
the generation of random packings of spheres by computer simulation. 
In a frequently used method (Bennett (5), Matheson (90) ) the sphere 
packing is built sequentially by adding new spheres one at a time in 
contact with three other spheres already in place. Bennett placed the 
nev sphere at the site nearest to a fixed centre, thus generating a 
spherical structure with decreasing density. }Jatheson produced a constant 
density by choosing the site nearest to a plane surface. Tory et al. (128) 
and Visscher and Bolsterli (131) chose the site by dropping each sphere 
from a randomly chosen co-ordinate position above the bed, and simulated 
the effect of gravity by allowing the sphere to roll over the existing 
bed until it attained a stable three-point contact. Boudreaux and 
Gregory (12) generated models of a binary distribution of sphere sizes, 
and Powell (105) has developed a program able to handle any given size 
distribution of spheres, using a procedure which combines features of 
those of }Jatheson and Tory et al •• In particular, this program has 
been used to generate random close packings of spheres with log-normal 
size distributions. Each bed generated contains about 1000 particles 
with a maximum sphere size ratio. of 10:1, this truncation being necessary 
to make the program rnn efficiently. 
The packing density of computer-generated close-packed beds 
ranges from 0.58 to 0.61 for monosized spheres, compared to 0.6~ for 
ball-bearing models. This is primarily because the computer techniques, 
which of necessity use a very precise algorithm, ignore the collective 
rearrangements which are necessary for a near limiting density to be 
achieved. Higher densities have only been achieved when such collective 
rearrangements have been included; for example in the models of Mason (89) 
and Finney (35). In the packings of equal spheres generated by Powell's 
program, the mean co-ordination number was 6; a number of spheres had 
only 3 contacts, and the maximum for any sphere was 9. In the packings 
of spheres 1rith a log-normal size distribution, the larger spheres had in 
some cases more than 18 contacts, but the mean co-ordination number 
remained very near to 6 for all the distributions used. The packing 
density of the beds generated by Powell was also insensitive to the 
size distribution used. 
This insensitivity of packing density to size distribution 
in Powell 1 s computer-generated beds is not confirmed by other empirical 
investigations. Many studies of the effects of mixing two or more 
particle sizes on the density of packing of the resulting bed have shown 
an increase in density except when the fractions are of similar sizes, 
or When a significant proportion of very fine material is introduced. 
For example, Eastwood et al. (31) found that for binary mixtures of 
glass spheres, with ratios of diameters less than 1: 1.2~ the bed tended 
to be less dense than its monosize porosity, but that for higher diameter 
ratios an increase in density occurred. The density continued to increase 
with increasing diameter ratio to some limiting value, and for any given 
diameter ratio, the maximum density of packing generally occurred in beds 
containing 50 - 70% of the larger component. 
Bo, Freshwater and Scarlett (11), in packing experiments on 
convex, linear and concave size distributions produced by mixing grades 
of glass ballotini in different proportions, noted two particular trends 
in the resulting density of packing: 
(i) For powders of the same-size limit, the porosity of 
a bed decreased as the size distribution approached 
linearity. 
(ii)Powders with a wider size range had a lower porosity 
than powders of similar distribution type but 
narrower size limits. 
The effects of size distribution may be complicated if the size range 
includes very fine particles as a result of which frictional forces 
become the controlling factor (see e.g. Arakawa and Suito (1) ). 
A number of authors have given empirical expressions 
relating the average number of contacts per particle to the packing 
density (e.g. Norman et al. (101), Ridgway and Tarbuck (106) ). As 
Ridgway and Tarbuck point out, no simple relationship exists between 
these variables, and such expressions only indicate a trend. Except 
in conjunction with a given ordered packing, a particular average 
co-ordination number is not characteristic of a particular value of 
porosity, or vice versa, but only of a possible range of values. 
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For packings of non-spherical particles, fewer general 
quantitative data are available. Various investigators (e.g. lfuite 
and lvalton (137), Evans and Hillman (32), Koerner (79) ) have found 
that decreasing the average particle sphericity increases the porosity 
of the resulting bed. Riley and }fumn (107) obtained similar results, 
except for flaky particles. It is not known whether or·not the increase 
in porosity is accompanied by fewer contacts per particle. Meldau and 
Stach (95) among others, observed that beds of irregular particles 
.subjected to vibration or compaction at moderate pressures often 
packed more closely than spherical particles. 
Though purely geometrical considerations would suggest that 
the density of packed beds should be independent of particle size, 
decreasing grain size is in fact often accompanied by increasing 
porosity, for both spherical and irregular particles. In his measurements 
on beds of quartz powders, Koerner (79) found that the densities of 
both close-packed and loosely-packed beds decreased with decreasing 
particle size, at essentially equal rates, for average grain sizes from 
about 0,3 cm to 0,004 cm , This size effect results from the increasing 
surface area: volume ratio of particles with decreasing size, and the 
consequent increasing importance of surface cohesive and frictional 
forces. Arakawa and Suito (1) found that for beds of powders with 
average particle sizes in the range 0,01 to 0.0001 cm, the porosity 
was proportional to (1/d)n, where d is the average particle diameter. 
The exponent, n, was found to vary approximately linearly with the 
reciprocal of the material density. 
3.3 Influence of deposition conditions on packing of resulting bed. 
Kolbuszewski (80) studied experimentally the effects of the 
conditions of deposition of granular materials on the packing of the 
resulting beds. He found that the porosity of the deposited beds was 
influenced by the velocity of fall and the intensity of deposition of 
the particles (mass/Q.mi t cross-section .unit time)), factors which had 
previously been discussed by Graton and Fraser (~6) in connection with 
the packing of spheres. Kolbuszewski found that a low velocity of 
fall, as obtains for example, in deposition in water, led to a high 
porosity bed, whatever the intensity of deposition. A high velocity 
of fall produced a low porosity with low intensity of deposition, but 
with increasing intensity of deposition the porosity increased 
progressively until, with an intensity of deposition corresponding to 
the free fall of a mass of sand, the resulting porosity was close to 
that obtained by deposition in water. 
Kolbuszewski concluded that for high velocities of deposition 
an incr~ing intensity of deposition progressively inhibits the 
possibilities for movement of the particles on impact, since although 
there is sufficient energy available for particles to adopt positions 
which would give a dense packing, there is insufficient time for this 
to occur, owing to the 'locking' action of arriving particles. He 
suggested that when a high velocity is accompanied by low intensity of 
deposition, individual particles can behave more independently, and are 
able to move to positions giving a relatively close packing. At low 
velocities of fall, insufficient energy is available for sufficient 
particle movement to occur on impact to produce a dense packing. 
Kolbuszewski's work was extended by }Jacrae and Gray, 
(reported by Gray (~7) ) who performed similar experiments using a 
range of materials including steel balls, glass beads, polystyrene, 
phosphor bronze and lead shot. lihile their results agreed in general 
with those of Kolbuszewski, some differences were observed. Steel 
spheres falling at high velocities showed a marked increase in packing 
density with increasing intensity of deposition up to a particular 
intensity, above which the density fell sharply. Under conditions 
close to those giving maximum density the steel spheres tended to 
pack in an ordered fashion, aided by the presence of the container 
wall. Macrae and Gray found that for all the materials used, except 
lead shot, there was a critical intensity of deposition which resulted 
in the closest packing at a given velocity. Intensities both above 
.25 
and below this value resulted in beds of a lower density. }~crae and 
Gray concluded that the elastic·properties of the particles must be 
included as a factor in the formation of packed beds, since these 
determine the extent to which the kinetic energy of the particles is 
transmitted through the upper layers of the bed, producing movement 
in these layers. For dense packing to occur, they suggested that a 
minimum magnitude of motion must be exceeded for a time greater than 
a certain minimum. The time of motion achieved by a particular height 
of drop and intensity of deposition, depends on the ability of the 
material to impart kinetic energy to the bed on impact, that is, on its 
resilience. Increasing the height of drop increases the available 
kinetic energy; the rate of input of kinetic energy also increases with 
increasing intensity of deposition, but this also increases the rate of 
growth of the bed, thus reducing the duration of upper layer activity, 
Two other deposition effects noted in the literature are of 
interest. Butterfield and Andrawes (15) found that beds deposited using 
an air-activated constant rate spreader, which repeatedly traversed the 
bed surface, produced distinct layers and non-uniformity, unless a 
diffuser mesh was placed between the spreader and the bed. 
Gerrard and Morgan (M) examined beds formed by pluvial 
compaction (dropping in air) at constant rate, and found a pronounced 
tendency for elongated particles to be deposited with their long axis 
horizontal. Within the horizontal plane no preferred orientation 
existed, 
3.~ The effects of vibration on packed beds. 
Changes in the structure of a deposited bed of a granular 
material may be brought about in a variety of ways. Such changes will 
often, though need not always, be reflected in the value of a macroscopic 
parameter such as the porosity of the bed. If a packed bed is fluidized, 
and the gas flow is then gradually reduced to zero, a loose packing will 
generally result. Forces applied to a deposited bed which cause shear 
to occur may lead to expansion or contraction of the bed according to the 
conditions, since mechanisms of dilatation and compaction may compete. 
It is often desired to effect a permanent increase in the 
density of a granular medium, and this is normally achieved by mechanical 
compression or by vibration, or a combination of these. The achievement 
of significant increases in the density of granular media by compression 
alone normally requires the use of high pressures, and the mechanisms 
involved include plastic deformation and the fracturing of constituent 
particles. Compaction under high pressures is outside the range of 
interest of the present work; reviews of the techniques, and theoretical 
approaches to compaction under pressure have been given by, among others, 
Clyens and Johnson (18), and Hewitt et al.(61). 
Changes in the packing of granular media due to vibration 
result from particle motion and rearrangement induced by oscillating 
stresses emanating from the source of vibration and transmitted to and 
through the material. Such stresses may be generated in two general ways: 
(i) by applying a continuous mechanical oscillation of some waveform to 
the bed, or (ii) by a single mechanical impact or impulse, or a repeated 
series of impulses, applied either directly to the bed, or via the container. 
Variations on these methods include combinations of the two> techniques, 
and the additional use of a load on the surface of the bed. 
Little published work has been fonnd relating to the impact 
method. Gray (~7. p.94) mentions the work of Neumann, who used a simple 
tapping device to investigate the rates of compaction of a variety of 
granular materials, yielding some qualitative relationships involving 
particle shape and size distribution. In a paper by White and lvalton (137) 
on particle packing, Walton is said to have 'packed his samples by jolting 
by hand in a 100 cubic centimeter graduate.' (!) 
In contrast to the paucity of published information on impact 
t~chniques, a large number of separate but broadly similar investigations 
have been reported of the effects of continuous vibration on the density 
of granular media. 
2.7 
Linger (84) was concerned with the potentially undesirable 
effects of vibrations produced by vehicles on static-roller compacted 
. -
soil structures under roads. He measured changes in the bulk density 
of loosely deposited samples of dry medium sand contained in a 1/30 cu. 
ft. mould mounted on a horizontal table, vibrated at frequencies from 
20 to 80 Hz with amplitudes from 0,004 in. to 0.02 in. , A load of 
9.85 lb. rested on the surface of the bed during vibration. The bulk 
density of the samples was observed to increase as a result of the 
application of vibration. Most of the increase occurred in the first 
five seconds of vibration, and for constant vibration parameters 
practically no further compaction took place after about 40 seconds, 
The rate of compaction and the final density were found to be affected 
by both the frequency and amplitude of vibration, an increase in either 
parameter producing an increase in the final density. Vibration frequency 
had a more pronounced effect than amplitude, however, and at 60 Hz in 
patacular, even a small amplitude resulted in a considerable increase 
in density, Linger suggested that this was due to a critical frequency 
or resonance condition of the material under the particular loading 
present in the experiments. 
A similar frequency effect was found by Ivashchenko et al ( 70), 
whose work was related to the production of metalloceramic filters from 
powders composed chiefly of spherical particles, by pressing and sintering 
briquets or by sintering the loose powder. Their aim was to discover 
whether vibration would remove inconsistencies and give a more densely 
packed filter. They vibrated 48 gm samples of two size fractions of 
spherical copper powder (-0,5, + 0,4 mm and- 0.16, + 0.1 mm), contained 
in a glass measuring cylinder 11.3 mm in diameter. A mechanical rotation 
vibrator was used, and the sample density was recorded as a function of 
time of vibration for frequencies from 10 Hz to 150 Hz and amplitudes 
5 pm to 40 pm. They found, as Linger, that most of the compaction 
occurred in the first few seconds of vibration, the rate of compaction 
increasing with increasing frequency. This effect of the time of vibration 
is in fact almost the only variable about which there is general agreement 
in the literature. For each size fraction of powder, the results of 
Ivashchenko et al, showed a region of optimum frequency and amplitude 
for maximum bulk density. The optimum amplitude decreased with increasing 
frequency, and vibration at 'amplitudes greater than the optimum led to 
a loosening of the packing. 
Kolbuszewski and Alyanak (81) also reported the observation 
of an optimum intensity of vibration for minimum porosity, in a similar 
investigation on a number of sands. As the amplitude of vibration 
increased above the optimum, the vibrated porosity increased initially 
and then levelled off to an approximately constant value. Hinimum 
porosities were found to be lower for round than for angular sands, 
and the vibrational acceleration required to obtain the minimum porosity 
was less for round than for angular sands. Well- graded sands*compacted 
to lower final porosities than uniform sands, but required higher 
accelerations to reach minimum porosity than uniform sands. Evans and 
}tillman (32) arrived at similar conclusions, and in addition found no 
correlation between grain hardness and bulk density after vibration. 
Kolbuszewski and Alyanak found that higher accelerations 
were needed to obtain the minimum porosity with increased depth of 
material or increased surface load, but that the initial porosity of 
the sample had no effect on the minimum porosity obtained by vibration, 
A slightly lower minimum porosity was obtained at frequencies bet1,reen 
22 and 36 Hz, but otherwise the minimum porosity was roughly the same 
throughout the frequency range used, The acceleration required for 
minimum porosity was greater at higher frequencies than at lower 
frequencies, the opposite of the findings of Ivashchenko et al, • 
Kolbuszewski and Alyanak concluded that sands can be compacted 
by controlling intensity and/or time of vibration to a required porosity 
for laboratory and research purposes. This last conclusion needs some 
qualification. Selig (112) found density variations within his samples 
after vibration, and Butterfield and Andrawes (15) noted that anisotropy 
and periodic porosity variations may be found in beds of sand compacted 
by vibration. 
}~ studies similar to those outlined above have been made, 
acd continue to be made, either investigating general vibrational routes 
to minimum porosity, as for example in Mehdiratta and Triandafilidis' (94) 
recent comparison of various methods for obtaining both minimum and 
maximum densities of granular media, or attempting to quantify the 
influence of particular parameters, as in the study by Singhal and 
Dranchuk (117) of the effects of particle size and vibration amplitude. 
Reviews of other investigations of vibratory compactions have been 
presented by, among others, Shatalova et al. (115) and Gray (48). 
While some similar general conclusions have been drawn by different 
investigators, detailed agreement has been very limited, perhaps not 
surprisingly in view of the wide range of systems and materials studied, 
In some cases, one particular parameter of vibration has apparently 
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exerted a controlling influence on the extent of compaction. Critical 
frequencies such as that found by Linger have been noted by others 
including Evans and Millman (32) and Shatalova et al.(115). Gray (~8) has 
pointed out that whilst some systems clearly exhibit characteristic 
frequencies for maximum compaction, precise definition of such frequencies 
has not been made. He noted also that as there is some evidence that the 
frequency for maximum compaction of a bed is related to the particle size 
of the material, methods using two superimposed frequencies or sweeping 
a range of frequencies have been profitably adopted in some applications. 
Roberts and Scott (109) have reported a number of frequency 
maxima and minima in the compaction of samples resulting from horizontal 
vibrations of a bed in a modified Jenike shear cell during experiments to 
measure changes in shear strength during vibration. They also found 
that reductions in shear strength resulted from the application of broad 
band random vibrations, provided that the frequency band width spanned 
the critical frequency or frequencies of the material, 
In contrast to the above, other studies have shown little or 
no influence of frequency, Youd (1~5) and Barkan (2) both described the 
equilibrium compacted density as a function. of vibrational acceleration 
alone and independent of frequency, and Kolbuszewski and Alyanak (81) and 
Takahashi et al. (122) found only slight frequency effects. 
Selig (112) vibrated columns of sand vertically at frequencies 
from 20 to 150 Hz with peak accelerations up to 3.5 g, using an electro-
magnetic vibrator. He found that an increase in any of the vibration 
parameters increased the equilibrium density of the bed up to a certain 
value of the parameter, above which the density decreased, No single 
vibration parameter correlated the data adequately, but a plot of peak 
acceleration versus frequency gave a series of contours of constant 
vibrated density. In some experiments Selig used a static load or 
surcharge on the surface of the packed bed, and he concluded that such 
a surcharge, or an increased depth of granular material, may assist or 
restrict compaction. He argued that a certain intensity of vibration is 
required to overcome the frictional resistance to density change, and 
that this resistance is increased by a surcharge or increased depth of 
material. However, if the system is 'overvibrated', a surcharge or 
overburden of material will serve fo prevent some of the loosening of the 
material which would otherwise occur. He suggested that the best way to 
achieve maximum density in a vibrating system of this type may be to pour 
the material slowly into the container under optimum vibrating conditions, 
I 
30 
-· - -
thus allowing the sand to vibrate for a period with no overburden. He 
also noted that he obtained the highest density of all by a different 
method·- working a vibrating tamper around the surface of the sand while 
slowly filling the container. 
Selig also made a number of measurements of density variations 
within the vibrated specimens. He found that for samples vibrated at 
relatively low intensities there was a significant decrease in density 
from top to bottom, caused he believed by the weight of overlying material 
preventing sufficient motion of the sand in the lower part of the 
container. At higher intensities, and in experiments where the material 
was deposited during vibration, the resulting density was more uniform 
throughout the specimen. 
Selig's description of the effects of a static load may at 
least partly account for the differing observations of other investigators. 
Shatalova et al. (115) considered it necessary to apply a load in order to 
prevent loosening of the bed. Experiments performed by Eastham (JO) using 
several different values of .surface load produced no significant changes 
in the density after vibration from those obtained without a surface load. 
Youd (145), whose experiments were conducted on very shallow beds, concluded 
that a surface load impeded the compaction process and resulted in a lower 
density for a given intensity of vibration. 
At high intensities of vibration bulk circulation of the 
granular material and in some cases behaviour resembling fluidization 
may occur. Segregation has been observed under these conditions with 
material with a wide particle size distribution. These effects have been 
described and discussed by Eastham (30) and Gray (48). 
Bazant (4) wrote that having tried without success to predict 
the extent of compaction of a granular medium in terms of the parameters 
of vibration alone, he had concluded that the process must be considered 
in terms of a wave propagating from the source of vibration, resulting in 
alternating periods of compression and dilatation at each point in the 
bed. For low intensities, the magnitude of compression and dilatation 
may be negligible, and dynamic stability is retained, as should be the 
case in, for example machinery foundations. Higher intensities lead to 
compaction, and still further increases result in liquefaction and motion 
of the material, as used in powder handling operations. Bazant analysed 
these conditions in a general way by a consideration of the static and 
effective dynamic normal and shear stresses acting on the material. 
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Neglecting the dissipation of wave energy, he attempted a prediction of 
the extent of compaction using a 'critical acceleration' obtained from 
compaction tests on the material, a frequency correction, and a form 
factor nJ;v, depending on the height, H, and volume, V, of the sample. 
Youd (145) considered that the waves propagating in a vibrated 
granular bed subject each element to a complex series of motions which 
may be separated into volumetric strain, shear strain, translation and 
rotation, the relative magnitude of these depending on the nature of the 
waves and the material properties. He applied horizontal vibrations to 
shallow beds of initially loosely packed samples of Ottawa sand and 
1/16 in. steel balls, at frequencies of 10 to 60 Hz and amplitudes up to 
0.075 in., using a direct shear apparatus mounted on a shaker table. 
Though the motion of the system boundaries was purely translational, he 
noted that inertial forces acting on the samples would generate dynamic 
volumetric and shear strains as well. He measured the shear strength of 
the material during vibration and the final porosity (termed the 
equilibrium void ratio, or EVR ) resulting from a particular acceleration 
of vibration. As expected, he found that the EVR decreased with increasing 
acceleration, once a certain threshold acceleration, depending on the 
normal pressure and initial density, was exceeded. The coefficient of 
internal friction and the shear modulus, measured during vibration, were 
similarly reduced. As noted earlier, he found no dependence on frequency, 
and that increasing the value of the normal load on the surface 
progressively impeded compaction and resulted in a lower final density 
for a given acceleration of vibration. 
Youd described the compaction process qualitatively using 
the concept of energy barriers. Stability can occur in a granular 
material at any porosity between its loosest and densest packings because 
interlocking and friction between particles can serve to prevent 
spontaneous movement. Using a simple hypothetical arrangement of 
cylinders, by summing potential and frictional energy changes involved in 
pr·oducing different orientations of the model, he illustrated the concept 
and showed that barriers exist for both densification and dilatation 
to occur. At low shear strains densification predominates because less 
energy is required to collapse a loosely packed group of particles than 
to expand a densely packed group. At larger strains, he suggested, after 
the loosely packed groups of particles have, for the most part, collapsed, 
the denser groups expand, and dilatation predominates. At some stage an 
equilibrium is established giving macroscopically a constant volume 
state. The energy for these processes is provided by the oscillating 
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stresses transmitted through the material. 
In some later experiments, Youd (146) extended work of 
other investigators including Silver and Seed (116), who formulated 
methods for predicting seismically-induced ground surface settlements, 
from cyclic simple shear tests, thus approaching compaction in terms of 
strain, rather than normal stress and vibrational parameters. Youd 
conducted similar tests on saturated and drained samples of Ottawa sand 
held in a wire-reinforced rubber membrane. Up to 150,000 cycles of shear 
were applied with amplitudes from 0.1% to 9% under normal (vertical) 
stresses of 4.8 kNm-2 to 192 kNm-2• He found that during each strain 
excursion, the sample first contracted and then dilated; howeve~ the net 
result was a finite increase in density which was repeated every half 
cycle until a maximum was reached which was equalled but not exceeded 
during additional strain cycles. 
The rate of compaction showed a strong relationship with 
the magnitude of the applied strain, but Youd's results showed that the 
same final density was reached given a great enough number of shear cycles, 
irr.espective of the strain amplitude. ( At very low amplitudes, the 
minimum porosity had not been reached after 105 cycles, but the bed was 
still compacting). The frequency of shearing had no effect in the range 
employed ( 12 to 115 cycles/min.) and neither the rate of compaction nor 
the final density showed any dependence on the vertical load applied 
(though presumably this affected the shear stress required to produce 
the given amplitude of shear strain, and hence the work done in achieving 
the compaction). Youd suggested that in many vibratory compaction 
processes, shear stresses and strains may be produced by wall effects 
and by inertial and impact stresses, and may ,be the primary cause of 
compaction. 
Gray and Bhodes (49}, outlining Bazant's general description 
of the compaction process, noted that at low accelerations particle 
~earrangement onl~ccurs when the tangential forces at inter-particle 
contacts exceeds the frictional forces. For accelerations greater than 
that of gravity in a vertically vibrating system, dilatation can occur 
and a re-orientation of the particles may result. It had previously been 
suggested that under such contitions, the bed may separate fram the 
container base and collide with it at a later time. An earlier study 
by Macrae, Finlayson and Gray (87), using a system in which it was possible 
to arrest the motion of the vibration source at any point in the cycle, 
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had suggested that the compacted density of a bed was a function of the 
energy supplied to it at impact regardless of the combination of frequency 
and amplitude necessary to produce that energy. 
Yoshida and Kousaka (1~~) and Takahashi et al. (122) 
considered the periodic process of separation and collision and formulated 
simplified mathematical models of it. Both assumed the motion of the 
vibrator and container to be sinusoidal and unaffected by the impact of 
the material, and assumed the impacts to be completely inelastic (i.e. no 
rebound). Thus, the acceleration of the bed, ~b , and the container, ~c , 
when in contact'is described by: 
11 11 2 
zc = ~ = - ac.) sinWt 
After separation, the acceleration of the bed was described by Takahashi 
et al. as simply: ~ = - g , but as ~b = C ~r - g , by Yoshida and 
Kousaka, the term C ~r consisting of a drag coefficient, C, and the velocity 
of the bed relative to the container, ~ , being an attempt to include the 
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drag of the air in the bed on the particles. 
During their vibratory compaction experiments,' Gray and 
Rhodes (50) found that while in the absence of granular material the 
motion of the container followed the applied sinusoidal vibration, the 
presence of a bed resulted in distortion revealed by an accelerometer. 
They replaced the bed of powder by a brass block and obtained similar 
distortion. Stroboscopic examination showed periodic separation and 
collision of the block and container. High speed photography showed that 
beds of pol;der were similarly projected from the base of the container. 
On comparing their results with the model of Takahashi et al. they found 
close agreement for collision times with the brass block, but results 
from beds of 3 mm diameter phosphor bronze balls did not agree. with the 
computed trajectories. They therefore carried out numerical solution of 
the equations of the Yoshida-Kousaka model, and plotted trajectories 
for frequencies of vibration from 50 - 200 HZ, accelerations from 1.5 
to 10 g and values of the drag coefficient, C, from 50 to 500. Three 
types of motion were predicted; these are shown in Figure 3.1 • 
~eriments using the phosphor bronze balls, in which the period of contact 
between the base of the container and the bed was determined by electrical 
contact, and other experiments on powders using the distortion of the 
accelerometer as the impact criterion clearly established the existence 
of behaviour of types 1 and 3. In both cases the value of C to give 
appropriate trajectories was 75, suggesting that factors other than 
air drag ll'ere involved in impeding the free fall of the bed. At 
Figure :J.l Types of motion of a vibrating packed bedo 
Computations by Gray and Rhodes (50) from 
the model of Yoshida and Kousaka. 
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frequencies higher than 150 Hz and also at accelerations greater than 
10 g, the nature of the distortion changed, Above these values multiple 
impacts occurred, suggesting that the material had ceased to behave as 
a coherent whole. 
In order to take account of the interaction of the p~ider 
mass and the vibrator, and in an attempt to represent the bed itself more 
realistically, Gray and Rhodes formulated a visco-elastic body model, but 
since quantitative values of the parameters were not available, the 
model could not be tested fully. Of particular interest among the 
results of their compaction experiments was the fact that in tests on 
alumina, vibration under vacuum produced higher densities than those 
obtained at atmospheric pressure at frequencies from. 50 - 200 Hz, but 
lower densities at 250 - ~00 Hz. The greatest difference was at 50 Hz. 
Gray and Rhodes proposed a qualitative mechanism for the compaction of 
granular media by vibration based on potential and kinetic energy 
considerations, basically not dissimilar to those of Youd, and concluded 
that in the range of applicability of the developed models, the energy 
transferred to the bed by vibration is not e simple function of the 
vibration parameters, because of the radical change in the motion of 
the bed which may result from a change in any one of those parameters. 
Two recent studies related to the work of Gray and Rhodes 
are of interest. Takeuchi et al. (123) measured variations in the 
electric current flowing between nine pairs of electrodes placed at 
different heights in a vibrating bed of carbon granules. For acceler-
ations of vibration greater than that due to gravity, they found that at 
some point in each cycle of vibration the current flowing between the 
electrodes decreased rapidly, followed by a period in which conduction 
effectively ceased. The acceleration necessary to cause this steep fall 
in current became greater, the deeper in the bed the pair of electrodes 
was situated. 
As well as measuring electrical conduction through vibrating 
.packed beds, Rippie et al. (108) have developed a technique, based on 
the frequency modulation of standard radio broadcast frequency carrier 
signals, enabling observations of low and high frequency fluctuations in 
bed capacitance to be made. They presented some preliminary results 
obtained from these conduction and capacitance measurements, giving 
times of bed/container separation and impact, and related these to the 
work of Gray and Rhodes discussed above. Though not unambiguous, such 
measurements may serve to provide useful information regarding localised 
and dynamic changes in bed density or variations in the number or 
distribution of inter-particle contacts within vibrating packed beds. 
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3.5 Wave propagation in granular media. 
Experimental studies of wave propagation in granular media 
may be classified according to whether a resonance or pulse method has 
been used. {For detailed discussions of experimental methods applicable 
to solids in general, see Kolsky (82), Pollard (104) ). In the following 
survey, studies of the velocity of propagation are considered separately 
according to the method used; in the case of studies of wave attenuation 
the much smaller volume of literature makes a similar separation 
unnecessary. 
(i) Studies of the velocity of wave propagation. 
(a) Resonance methods 
In one of the first extensive studies of wave propagation 
in granular media, Iida (68)(69) conducted resonance tests on cylindrical 
samples of a range of soils and on four graded sands. Dry and nearly 
saturated samples were supported by a thin cellophane tube; moderately 
wet samples which would support themselves were compacted in a brass 
mould and extracted before testing. The specimens were placed upright on 
a plate connected to an electromagnetic vibrator driven by a variable-
frequency A.C. source. The system could be· arranged to produce either 
longitudinal or torsional vibrations. The deflection of the top of the 
specimen was determined by a combination of magnets and mirrors, the 
optically amplified motion being recorded on moving photographic paper, 
giving the amplitude and frequency of vibration. ~ sweeping over a 
range of frequencies, the velocity of propagation of the wave was 
calculated from the frequency at resonance and the height of the specimens. 
Tests were carried out on each sand both closely and loosely 
packed. Compaction was achieved by bumping the containing cylinder a 
number of times, and for the densest packing by bumping and vibrating it. 
Measurements of longitudinal and transverse wave velocities were made 
over a range of porosities. A reduction of porosity from 50% to 43% 
resulted in increases in propagation velocity of up to 50%. The velocities 
through the finer grained sands showed a slight tendency to be greater 
than those through the coarser material, though the effect is clearly 
complicated by differences in particle size distribution and the influence 
of moisture content. Transverse wave velocities decreased rapidly with 
increasing moisture content. Longitudinal wave velocities also decreased 
with increasing moisture content within the range 0 to 19% moisture. 
Above 19%, the longitudinal velocities began to increase in some samples, 
whilst the transverse wave velocities became very small and then undetectable. 
On further increasing the moisture content, the longitudinal wave velocity 
approached the velocity of sound in the liquid. 
Iida found.a logarithmic relationship between the velocity of 
propagation and the height of his samples, the velocity being a function of 
approximately the one-sixth power of the sample height, this being the 
exponent also predicted by the application of Hertz contact theory. 
Ha.rdin and Richart (58) also found a logarithmic relation 
between velocity of propagation and applied static load. They used two 
types of resonance apparatus to determine wave velocities in.ottawa sand, 
crushed quartz sand and crushed quartz silt. In one apparatus, both ends 
of the cylindrical specimen under· test were free to vibrate; in the other, 
one end was fixed and the other free. In each case, oscillations were 
generated and detected by combinations of electromagnets and permanent 
magnets, in configurations appropriate to compressional or shear waves. 
The samples, about 11 in. long and 1.5 in. diameter, were contained in a 
triaxial cell, enabling the static load to be varied using compressed air. 
For ottawa sand and crushed quartz sand, compressional and 
shear wave velocities, determined from resonant frequencies, were found to 
vary logarithmically with the applied static pressure. At pressures 
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greater than 2000 psf (about 96 kNm- ) the exponent was about 0.25, but at 
lower pressures a higher exponent was found, about 0.3 for dry samples and 
0.4 when saturated with water. Results from experiments on crushed quartz 
silt showed that its behaviour was extremely dependent on the duration of 
application of the static load, and the velocities of propagation varied 
with a wide range of powers of confining pressure, depending, among other 
things, on whether the pressure was increasing or decreasing. These silts 
retained almost all the increase in velocity resulting from the applied 
pressure even after it had been removed, whereas the quartz sand showed 
only a small increase and the ottawa sand a small decrease in velocity 
after pressure cycling. 
Velocities of propagation in saturated and in drained samples 
were lower than for dry samples, but the reduction observed by Hardin and 
Richart was not as great as that found by lida. They suggested that Iida 1 s 
values might have resulted from the very low confining pressure at the 
top of his samples. For any given confining pressure, Hardin and Richart 
considered the void ratio of the sample to be the most significant factor 
determining the velocity of propagation. Plots of wave velocity versus 
void ratio showed an approximately linear decrease in velocity with 
increasing void ratio. Their results showed no dependence of propagation 
velocity on particle size and size distribution, though the scatter in 
these results suggests that void ratio alone (as a partial description of 
the state of packing) is insufficient to describe the effect completely. 
Hardin and Richart found that the velocity of propagation was unaffected by 
the frequency of vibration in the range of their experiments (200 Hz to 
2.5 kHz), but for shear wave propagation, an increase in wave amplitude 
resulted in a fall in the velocity, especially at low confining pressures. 
In resonance tests on unconsolidated samples of sand, Gardner 
et al. (37) found that the velocity of propagation varied with the 1/~ th 
power of pressure ~p to 1000 psi., and gradually approached proportionality 
to the 1/6 th power above 5000 psi. Samples were contained in a tube of 
thin rubber or metal foil, and suspended in a pressure vessel together with 
the electromagnetic wave generator and piezo-electric detectors. Pressure 
was applied to the sample using h-elium gas. The authors noted the existence 
of hysteresis in the data during pressure cycling, particularly for the 
first loading cycle, and cycled the pressure twice between 50 and 500 psi. 
before taking measurements. Velocities were found to be independent of 
particle size, frequency, and amplitude of vibration in the ranges used, 
and to increase with decreasing porosity. 
A number of difficulties associated with results obtained 
from resonance experiments were noted by McNiven and Brown (93), and by 
Whitman and Lawrence (1~0), in the discussion of Hardin and Richart's work. 
One problem concerns the type of wave propagated. In a bounded body, 
coupling occurs at the boundaries, resulting, in a rod or cylinder, in a 
'longitudinal' wave, first described and named by Lord Rayleigh (see Love 
(85) p 289-291)). This is also known as the 'rod' wave, and results from 
the freedom of the rod to strain radially at its boundary as the wave 
travels axially along it. The velocity of a compressional wave (vc) in 
an unbounded sample may be significantly different from that of a 
longitudinal wave (v1) in a rod of the same material, the ratio of the 
two velocities being a function·of the value of Poisson1s ratio for the 
material. For V = 0,25,vc is 9% greater than v1 ; for ~ = 0.33, vc is 22% 
greater than ~l • McNiven and Brown suggested that a closer approach to 
compressional waves in resonance experiments might be achieved by confining 
the sample in a thick-walled metal cylinder, but noted that this would 
introduce serious experimental and analytical complications. 
A second difficulty considered by HcNiven and Brown arises 
from the dissipative nature of granular material resulting from the 
combination of normal and tangential forces at intergranular contacts. 
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They noted that the resonant frequency of a dissipative system is less 
than that of one which is purely elastic, and that the difference increases 
with the attenuation of the material. The method and equations used.for 
elastic bodies may therefore not be entirely appropriate for granular media, 
and their use may result in the calculated velocities of '~ve propagation 
of different materials being a function of their respective damping 
characteristics. In a dissipative system, the maximum displacement of the 
free end of the specimen will occur at different frequencjes depending on 
the stiffness of the exciter, and this will also affect the measured 
velocity of propagation. It was also argued that granular media may 
propagate 1~ves of types not evident in the usual elastic continuum, but 
the detection of these is excluded by experiments using resonating cylinders, 
Shannon, Yamane and Dietrich (11~) gave an indication of the 
experimental problems encountered using a resonance method to determine 
velocities of propagation in granular media. Using an arrangement broadly 
similar to that of Hardin and Richart, they experienced considerable 
difficulty in obtaining precise values of the resonant frequency of the 
samples and in determining the mode of vibration at resonance. Improvements 
in the monitoring of the vibration overcame these problems to some extent, 
They used samples of two different lengths, 8.5 and 18.5 in., both 2.8 in. 
diameter, and found that, while for the longer specimens a logarithmic 
relationship between resonant frequency and confining pressure represented 
the data well, for the shorter samples, deviation from this relationship 
occurred especially at higher harmonics and low confining pressures. 
The Apollo lunar programme, which included the establishment 
of an array of seismological stations and the performance of Passive and 
Active Seismdc Experiments, brought a new interest to the study of wave 
propagation in granular media, especially as the results differed markedly 
in a number of respects from terrestrial observations. 
In a typical terrestrial seismic event, a sequence of distinct 
phases and arrivals occurs. Primary (dilatational) waves are followed by 
Secondary (shear) waves, generally of larger amplitude. Finally comes a 
group of Long (surface) waves, of gr~dually in"reasing amplitude. 1Yhen 
these have reached a maximum, the amplitude decreases quite rapidly and the 
event ends, having lasted at most a few minutes. Much of the energy is due 
to the surface waves which show dispersion, different frequency components 
arriving at different times. Polarization of the shear waves is revealed 
in a correlation between the channels of the seismometer during at least 
part of the seismogram (see e.g. Howell (6~) pp 79 ff) 
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The most striking feature of the lunar seismograms was their 
duration; up to several hours forthose from the impact of the 8-IV B stages 
of the Apollo boosters. The signals had emergent beginnings, increased 
slowly to a maximum, and then decayed very much more slowly than terrestrial 
signals, After the first few cycles of primary waves, the ground motion was 
comple:z and showed little correlation between any t1iO components. The onset 
of secondary waves was indistinct and the dispersion typical of terrestrial 
surface wave trains was not present. The data revealed low values of wave 
propagation velocity and low attenuation, properties which had not been 
observed together in terrestrial experiments. 
In the absence of any suitable source·mechanism to account for 
the observed phenomena, a number of authors including Latham et al. (83), 
Bastin (3}, Berckhemer (7) and Strobach (121) suggested similar diffusion-
type models in which the lunar seismic energy is localised ~ intensive 
scattering of seismic waves in an almost loss-free medium unlike anything 
found within the earth. Latham et al. (83) suggested that the absence of 
volatiles in the material provides the most likely explanation of the 
very low attenuation, but emphasized that although a scattering-based 
diffusion model gave a computed seismic envelope similar to that observed, 
the physical nature of the scattering centres is unknown. Berckhemer (7) 
suggested that conditions on the moon might have resulted in the formation 
of permanent vertical fissures, hidden ~ dust on the surface, and effectively 
dividing the near surface of the moon, to a depth of perhaps 10 or 20 km, into 
blocks, typically 1 to 2 km in size. Such fissures could, he proposed, result 
in the reflection and scattering of seismic waves. Gold and Soter (42) 
proposed a diffusion model in which the outer layer of the moon to a depth 
of at least 4 km is considered to be composed largely of rock powder. In 
such a medium, in which wave propagation velocity increases with depth, 
seismic waves are refracted towards the surface, Gold and Soter.argued that 
their angle of reflection from the surface would be randomized to some 
extent~ variations in the slope of the lunar surface to the horizontal, 
leading to a diffusion-like propagation effect. The major criticism of this 
last model was due to the results of the Active Seismic Experiments performed 
on later Apollo missions, which indicated a stepwise increase of seismic 
wave velocity with depth, rather than a continuously increasing velocity 
(e.g. Watkins and Kovach (134)), 
A number of investigations of wave propagation in granular 
media have been directly or indirectly related towards giving an explanation 
of the lunar observations, Two such projects have used resonance methods, 
Pilbeam and Vaisnys (103) used this technique to measure 
acoustic velocity and energy loss on bars of granular materials. Cylindrical 
or approximately square-section bars of the aggregates, 10 to 13 cm long and 
1.3 cm in width, were formed in partial moulds lined with thin rubber jackets. 
The bars were made rigid by drawing a vacuum inside the sealed rubber 
containers through a connection made midway along their length. Heasurements 
of resonant frequency and attenuation as functions of pressure were made · 
by varying the vacuum, (a procedure which·could introduce complications due 
to the chariges in interstitial air pressure and potential effects on adsorbed 
volatiles). An electrodynamic drive method was used to excite the samples, 
and a stereo crystal gramophone cartridge was used as a signal detector. 
The bars were suspended from slings formed from two long threads positioned 
at appropriate nodes. 
Host of the experiments of Pilbeam and Vaisnys were performed 
on bars of four size fractions of glass microbeads, each fraction having a 
maximum to minimum particle diameter ratio of 2. Tests were made on clean 
and dry samples, and also on materials treated with various lubricants. 
Some additional tests were carried out on angular alundum powder, crushed 
glass plate, and sodium chloride crystals. The amplitude of vibration 
was varied over a factor of about 10, to a maximum less than 1 pm. In this 
amplitude range and in the frequency range used (1 - 20 k:Hz), the velocity 
of propagation was found to be independent of both frequency and amplitude. 
The biggest problem found in the velocity determination was its dependence 
on time and pressure cycling. The propagation velocities of almost all 
samples increased with time and with the pressure cycling involved in 
determining the dependence of velocity on confining pressure. As a result, 
the authors reported velocities obtained after a number of pressure cycles, 
when the experiment was about one day old. 
In common with most other investigators, Pil beam and Vaisnys 
found that the variation of velocity of propagation with confining pressure 
was best expressed as the pressure raised to some exponent. For the clean 
glass microbeads, the value of the exponent was in the range 0.30 to 0.33. 
For the lubricated beads, the range increased to.0.20 to 0.33. In some 
experiments with lubricated beads, the value of the exponent decreased as the 
confining pressure increased. Similarly, tests with alundum gave a 1dry 1 
exponent of 0.22, but when lubricated the value fell from 0.33 to 0.16 as 
the pressure increased from 0.2 to 0.95 bar. A wide range of exponent was 
obtained for sodium chloride, all less than 0.2, with some values as low as 
. . 
0.025. In almost all cases the exponent was smaller for lubricated than 
for dry specimens, while the magnitude of the velocity at a given pressure 
was greater for lubricated than for dry specimens, except for alundum, 
which showed no change in velocity. For the spherical particle specimens, 
they suggested that the high values of pressure exponent relative to that 
predicted by contact theory were the result of the conversion of near to 
touching contacts with increasing pressure. 
At any given confining pressure, the velocity of propagation 
in glass microbeads increased with increasing grain size. Taking the 
mid-point of each size fraction as equivalent to a mean particle diameter, 
Pilbeam and Vaisnys said that the velocity, v1 , and particle size, d, were 
approximately related by: v1 o< d
0
•
2 
• The incomplete packing data 
supplied, hawever, do not make it clear whether particle size has been 
isolated from packing effects. 
Jones (75) measured the longitudinal wave velocity and attenuation 
of fine rock powders under conditions aimed at reproducing to some degree 
those on the lunar surface. He worked at low frequencies (5 to 15Hz), 
small amplitudes (down to about 20 1), baked his powders in vacuo in an 
attempt to Temove adsorbed volatiles, and made measurements at atmospheric 
pressures as low as 10-3 torr. The beds of granular material were contained 
in. a trough 2.5 metres by 8.5 cm by 8.0 cm which was filled with the powder. 
A fixed solenoid driven by a variable frequency oscillator and placed a few 
millimetres from a small permanent magnet attached to one end of the trough 
was used to generate standing waves. The motion of the other end of the 
trough was measured by a capacitative pendulum, and the longitudinal velocity 
determined from the resonant frequency in the usual way. 
The trough was constructed of 0.001 in. stainless steel sheet 
folded in the manner of camera bellows, and supported on 0.003 in. stainless 
steel wires. The assembly was enclosed in a vacuum chamber, hence unlike 
the assembly of Pilbeam and Vaisnys, no confining pressure "1\'as applied to 
the sample as a result of the vacuum. An electrically heated tungsten wire 
rnnnjng parallel to each side of the trough at a distance of about 2 cm 
0 . 
could be used to heat the powder to temperatures up to about 300 C. 
The velocity of propagation showed a slight increase with 
decreasing ambient air pressure, an effect entirely reversible except on 
the first decompression when a small permanent increase in velocity occurred, 
probably resulting, in Jones' view, from compaction of the powder due to 
agitation by the air being removed. The velocity was found to be unaffected 
by temperature, heat treatment, amplitude of vibration and frequency in the 
range of these variables studied. 
For three samples of alumina, with mean particle diameters 
approximately 1, 6 and 80 pm repectively, the velocity of propagation 
increased with increasing grain size. The fragile nature of the trough 
precluded any great attempt to compact the beds, and since the three 
samples packed to 67%, 63.5% and 58% porosity respectively, size and 
packing effects are mixed, as Jones points out. His results also showed 
the effects of changes in packing on the velocity of wave propagation in a 
sample of fine powdered basalt (mean particle diameter about 1 pm), the 
porosity of which was "not so much controlled as observed to decrease 
over a period of about ~ months, though vibration and other attempts at 
decreasing the porosity were tried, corresponding to peak applied pressure 
of- 0.1 bar." The longitudinal velocit~ increased from about 30 ms-1 at 
a porosity of 59% to about 50 ms-1 when the porosity had fallen to around 
53%. 
(b) Pulse methods. 
Wyllie, Gregory and Gardner (1~3) measured the propagation 
velocity of compressional pulses in samples of various heterogeneous and 
porous media. Most of the data relate to the variation of velocity with 
fluid saturation in sedimentary rocks. They did, however, perform some 
experiments on aggregates of glass and lead spheres of uniform size 
(28 pm to 6 mm) both dry and saturated with various liquids. 
The beds of spheres were prepared in square-section (3 in.x3 in.) 
cork-walled boxes, the packing intended to be random. Pulses could be 
detected in beds up to about 10 in. deep. A barium titanate crystal below 
the sample served as the source of repeated pulses. A similar crystal 
acting as the receiver at the top of the sample was supported so as to 
apply only a negligible static load to the bed. The signals received 
from the transmission of pulses in the dry specimens were generally poor, 
and of very low frequency compared to the input pulse. There was 
considerable scatter in the measurements, and the authors considered them 
to be of doubtful sigaificance. Much better signals and higher velocities 
of propagation of the pulse were obtained with the aggregates of spheres 
saturated with liquids. For the liquid-saturated case, no variation of 
velocity with sphere diameter ;{as found, provided that the distance of 
travel of the pulse was at least 100 particle diameters. For ratios of 
distance of travel/diameter of sphere less than 100, the velocity of 
propagation increased as this ratio decreased, the results tending towards 
the velocity of propagation in the sphere material as the ratio tended 
to unity. This increase in velocity was considered by the authors to be 
a result of an ordering of the packing caused by the flat bottom of the 
container and the flat head of the upper crystal holder. 
Hunter et al. (67)(91) measured both the velocity and attenuation 
of compressional pulses in sand contained in a 6 in. diameter can lined 
with 1/Sth in. sponge rubber. The can stood on a 3 in. diameter steel 
disc resting on a magnetostriction transducer. A 2 in. diameter barium 
titanate detector was incorporated into a loading device at the top of the 
sample under test, the load being applied in the direction of propagation. 
The front of the transmitted pulse was timed to obtain the velocity of 
propagation. 
No variation of velocity of propagation with frequency was 
found in the range investigated (7kHz to 73kHz). The velocity was found 
to vary with powers of the applied pressure between 1/5 and 1/6, and the 
magnitude of the velocity increased lrith increasing particle size. 
The experimental arrangement used by Paterson (102) was unusual 
in that pulses were transmitted radially from the centre of the samples. 
A barium titanate cylinder was the source, and discs of the same material 
formed the receivers. The source was inserted centrally into an 8 in. 
diameter cylinder containing the granular material, and the four receivers 
were equally spaced in the same horizontal plane on the outside of the 
container. The sample could be loaded from above, in the range 6 to 35 kg. 
Signals from the four receivers were summed, amplified and displayed on an 
oscilloscope. Timing of the signals was achieved by means of another pair 
of transducers immersed in water, whose separation could be varied. The 
signal from the timing receiver transducer was also displayed, and the 
separation adjusted until the travel time in water was the same as that in 
the granular material. The known velocity of the pulse in water enabled 
the travel time in the material under test to be calculated. 
Provision·was made in Paterson's experiments for shaking the 
specimens to obtain a stable packing, and for evacuating them before the 
introduction of liquid, operations which lvere found to be important for 
obtaining reproducible results. The compressional wave velocity was found 
to vary with approximately the 1/6th power of the applied load for both 
dry and liquid saturated samples, the velocity in the saturated sample 
having a value of about one-half that in the dry sample for a given static 
load.· Paterson's results show the effects of the history of loading of 
the bed on the velocity of propagation, the velocity at a given applied 
load being markedly dependent on whether the load is increasing or decreasing. 
Sonic and ultrasonic pulse methods have been widely applied 
to the study of marine sediments, either by in situ determinations of wave 
velocities, or by laboratory measurements on extracted core samples. 
Reviews of work in this field have been given by White U38) and Hamilton~2) 
(53). Two particular investigations are noted from this area which are 
of interest in their attempt to find correlations between propagation 
velocity and the physical properties of sediments. 
Horgan (100) measured longitudinal wave velocities in saturated 
core samples taken from the bottom of Lake Erie. Pulses were transmitted 
and received using barium titanate transducers, and travel times computed 
from a comparison pulse in water. On performing regression analyses of 
the data, Morgan found that the relationship between propagation velocity 
and the porosity of the samples was best expressed by the equation: 
V = 2,380 - 2,197 E + 1,333 €. 2 
where E is the porosity 
d 
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Morgan also suggested that a small increase in velocity of propagation 
with increasing median grain size could be isolated from the influence 
of porosity. He found no correlation between propagation velocity and the 
grain density of the sediments. Similar experiments by Schreiber (110) 
gave results which were correlated in the same way as those of Morgan, 
and suggested the same kind of relationships between velocity, porosity 
and particle size. 
In work relating in part to the Apollo lunar investigations, 
two studies have been made of the velocities of stress waves of low 
intensity in granular materials subjected to very large confining pressures. 
Talwani, Nur and Kovach, measured compressional and shear wave 
velocities in silica sand, volcanic ash and powdered basalt subjected to 
hydrostatic pressures from 1 bar to 2.5 kilobars. The samples were placed 
in a 0,6 cm thick rubber jacket 5.3 cm in diameter and 8.0 cm long, and 
sealed at each end with 1.5 cm thick aluminium discs. Barium titanate 
transducers for compressional waves, and AC cut quartz transducers for 
shear waves, were cemented to each disc with epoxy adhesive. The sample 
assembly was mounted in a pressure vessel, in which the pressure could be 
raised to 3 kb with hydraulic oil, Pulses '{ere generated using a high-
voltage pulse generator, and travel times of first arrivals of transmitted 
pulses determined by measuring the length of an equivalent mercury column. 
Since the length of the sample varied significantly at such high pressures, 
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it was monitored continuously by simultaneously measuring the travel time 
of the pulse through the hydraulic oil to the bottom of the pressure 
vessel. The length of the path in oil was then determined from the travel 
time in oil, the velocity in which had previously been determined as a 
function of temperature and pressure. The porosity of the sample could 
be estimated at any point in the experiment from a knm;ledge of its length. 
Increasing the pressure on a sample of coarse-grained silica sand to 2.5 kb 
resulted in a 3 to q-fold increase in compressional wave velocity. When the 
pressure was reduced from its maximum value back to atmospheric conditions, 
the velocity also returned to approximately its original value. The velocity 
was found to be completely reversible on pressure cycling, despite the fact 
that the porosity of the sample had irreversibly decreased, after one pressure 
cycle, from - 0.43 to 0.30. The physical nature of the sample liaS also 
drastically modified by the pressure cycle. The sample of coarse silica 
sand, initially composed almost entirely of particles in the size range 
600 to 700 pm, after 3 pressure cycles had a particle size distribution 
almost evenly distributed from 700 pm down to very fine powder. 
The reversibility of velocity on pressure cycling was also 
exhibited by the volcanic ash and basalt powder samples. Shear wave 
velocities appeared to be directly related to the grain size of the sample 
in the case of volcanic ash, being largest for a fine-grained ash and 
smallest for a coarse-grained sample. 
velocity appeaxed to be related to the 
the lowest initial porosity giving the 
However, the compressional wave 
initial porosity, the sample with 
highest velocity. The compressional 
wave velocity showed some signs of variation with particle size. For a 
given porosity, the velocity was greater in coarse-grained than in fine-
grained samples. 
During initial compaction of a sample, the porosity shmved 
large permanent changes due to the applied pressure. The surprising 
feature of these results was the observation that the velocities of both 
compressional and shear waves were essentially reversible'with pressure. 
This contraste~ with previously published velocity measurements on rock 
powders. Talwani et al. gave the velocity of propagation as a function 
of the applied pressure, p, in the form: 
. ~ 
v = a + b. p2 + c p 
for practical purposes, where a, b and c are constants for a given sample. 
The present author has found the data to be a good fit of a power law, 
and for those given the value of the pressure exponent was 0.23. Talwani 
et al. concluded that prediction of the velocity-depth relationship in 
self-compacted granular materials requires more statistical information 
about the sample than has sometimes been assumed, in particular,particle 
size distribution and particle shape, since seismic velocity is not a 
single-valued function of porosity in a given material. 
Warren and Anderson (134) measured compressional wave velocities 
in small samples of basaltic and andesitic sands, and of lunar fines from 
the Apollo 11 spaceflight. The samples were contained in a double cylinder 
(two assemblies '{ere used, with inside diameters 1 and 2 inche,;). The 
inner cylinder '{as made of impact-resistant plastic; the outer of steel. 
Piezo-electric (PZT) transducers served as transmitter and receiver, mounted 
in pistons fitting into the ends of the inner cylinder. Uniaxial pressure 
of up to 700 bars was applied to the sample by these pistons, sample length 
was monitored continuously, and travel times of pulses measured using an 
oscilloscope. After an experiment the samples had thickness-to-diameter 
ratios less than or equal to one-third. 
At low pressures two acoustic arrivals were observed, a leader, 
followed by the main energy arrival. The amplitude of the main energy 
arrival was always several times larger than that of the leader, the 
associated energy being over an order of magnitude greater. The velocity 
of the main arrival increased more rapidly with pressure than the velocity 
of the leader, and only the main energy arrival was observed at higher 
pressures. The velocity of the leader varied with approximately the one-
sixth power of applied pressure whilst at these low pressures, the 
main arrival varied with the one-third power. This dependence of the main 
arrival decreased at high pressure, the variation tending towards the 
one-sixth power of applied pressure. Similar 'double arrival' behaviour 
was noted by \'/hi tman and Lawrence (140), but in their case, the velocity of 
the high frequency forerunn~r increased more rapidly with pressure than 
the main arrival. 
The major difference between the results of Warren and Anderson 
and those of Talwani et al. is that the velocity of propagation is not 
completely reversible with pressure cycling. The velocity of propagation 
at zero pressure was dependent in all cases on the pressure to which the 
sample had previously been raised, higher pressures resulting in higher 
zero pressure velocity, and the locus of velocity at zero pressure varied 
approximately linearly with the density of the sample. 
Given the tendency found by lfyllie et al. (143), and confirmed 
by others and in the present experiments, for velocities calculated as 
single ratios of distance and travel time to increase with decreasing bed 
thickness in .shallo'" beds, some doubt must exist 1d th regard to the 
significance of these measurements at such small bed thicknesses, 
The investigations so far described have all used relatively 
low intensity waves or pulses. Other investigators, particularly civil 
engineers, have experimented with high intensity waves propagating through 
long cylindrical specimens of sand, soil and clay, in which stress and 
strain gauges had been embedded. 
Selig and Vey (113) measured stress changes in horizontal bars 
of dry sand confined under constant lateral pressure. The bars were 6q in. 
long and 2.8 in. diameter. A diaphragm-type air shock tube was used to 
apply a controlled dynamic load to the end of the sand column. The resulting ' 
stress wave was recorded at several points by means of stress gauges 
embedded in the sand, Signals from these gauges were amplified and displayed : 
on oscilloscopes. The samples were covered with a thin rubber membrane, 
and confined at various static pressures by evacuating air from the samples. 
The stress gauges were 1/2in. diameter, 1/16 in. thick piezoelectric discs, 
and were located at the intersections of the bed, which was prepared in 
10 in. sections. Variations in the bulk density of the bars were achieved 
by controlling the height through which the sand was poured for low and 
medium bulk densities, and by using vibration during the preparation of 
high density specimens. Wave propagation velocity, peak stress attenuation 
and changes in the slope of the shock front were obtained from the oscillo-
scope records. 
The results showed the least distortion in the stress wave 
at the highest density, highest confining pressure, longest peak shock 
pressure duration, and smallest peak shock pressure. The opposite extreme 
of these conditions created the greatest distortion, in particular a 
lengthening of the rise time of the shock front. A significant increase 
in the velocity of propagation was found with an increase in confining 
pressure and density, though the scatter present in the values of velocity 
sh~"s the presence of other effects, including changes in the bed due to 
repeated dynamic loading. Changes in bed density during experiments could 
not be measured; all the values are related to the initial specimen density. 
The velocities were found to agree well with those obtained by other authors 
using resonance techniques. 
Essentially the same experimental apparatus was used by Hampton 
and \ietzel (55) to perform propagation experiments on ottawa sand and E!'K 
(Edgar Plastic Kaolin) clay, In these experiments the sample was confined 
in an assembly of short sections of hollow aluminium cylinders, lined with 
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a lubricated rubber membrane to reduce wall friction. These sections were 
separated by 1/8 in. long compressible foam rubber rings, so as not to 
impede axial soil motion ''hilst maintaining rigidity in the radial direction. 
As well as stress gauges, strain gauges consisting of pairs of mechanically 
uncoupled coil discs, were embedded in the beds. These strain gauges 
operated on the principle of a null-balance differential transformer, each 
gauge consisting of one pair of coils in the granular medium and a second 
pair arranged so that the separation of the two coils could be adjusted. 
The circuitry was arranged so that when the coils in each set were equally 
spaced, the resulting differential output was zero. 
The maximum peak shock loading was 300 psi. , and in most cases 
the peak pressure had a dwell time of 1 ms. In each experiment, shock 
loadings of 50, 100, 200 and 300 psi. peak pressure were applied to the 
soil specimen in that order. The velocity of the first arrival of the 
pulse showed a maximum increase of 4% over the range of applied peak stress, 
whereas the velocity of peak stress doubled in value over this range. 
First arrival velocities for ottawa sand were in the range 1100 to 1300 fps, 
and peak stress velocities 350 to 950 fps, depending on bulk de~ity and 
peak applied stress. Whilst the first arrival velocity change may result 
from repeated loading of the specimens, the magnitude of the increase in 
peak stress velocity was thought by the authors to be a result of the 
increase in peak stress. 
The range of velocities for the clay samples was much greater 
than that for sand, with much greater scatter. It was difficult to 
determine the time of arrival of the pulse. The results for clay showed 
the same trend as those for Ottawa sand with regard to first arrival 
velocity, but the velocity of peak stress tended to decrease slightly 
with increasing peak applied stress. 
Using the same clay, and by varying the confining pressure on 
the sample in the range 0 to 15 psi., using compressed air in a tube around 
the sample, Vey and Strauss (130) found that the velocity of propagation 
varied approximately with the one-sixth power of the confining pressure. 
No discernable effect of the level of peak applied stress was found in 
their experiments. 
A summary of the influence of various parameters on the 
velocity of propagation of waves in granular media is given in Table 3.2. 
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3.5.(ii) Studies of wave attenuation. 
Hunter et al. (67) suggested that the relatively small 
amount of published work on acoustic absorption in granular media was 
due to the fact that whilst there is little difficulty in estimating 
propagation velocity experimentally using quite small samples, the 
measurement of attenuation is generally difficult and is best carried 
out in bulk media. 
As in the previous section, the literature relating to 
saturated materials is not considered in detail. This work has been 
reviewed by, among others, Hamilton(52)(54) and McCann and McCann (92). 
When any material is set in vibration, some of the elastic 
energy is always converted into heat, and the collective term 'internal 
friction' is used to describe the mechanisms by which this takes place. 
A number of different measures of attenuation are used in the literature. 
Where the damping is small and the system does not exhibit dispersion, 
simple relationships exist between the various definitions. In strongly 
dispersed systems, comparison is more difficult. This problem is discussed 
by Knopoff (78), and a comprehensive table of the relationships between 
the various measures of damping has been given by Gellings (40). 
A measure frequently used in the literature is the quality 
factor, Q, and its inverse, Q-1• The quality factor is defined as: 
Elastic energy stored in sample at maximum strain 
Q = 
Energy dissipated per radian of angular frequency 
Wherever possible in the following survey, results will be related to 
Q or Q-1 for purposes of comparison. 
In experiments using resonance techniques, the attenuation 
may be determined from the sharpness of the resonance curve of a sample 
subjected to forced vibration, or from the rate of decay of free vibrations 
at the resonant frequency. For the latter case, it is often found that 
the ratio of the amplitudes of successive free oscillations is constant, 
and the natural logarithm of this ratio is known as the logarithmic 
decrement, & • For low damping, it may be shown that .S = Tt/Q (e.g. 
Kolsky (82) p.99ff), For the case of forced vibration of a specimen 
around its resonant frequency, if A£0, 5 is the change in the frequency 
of applied vibration necessary to change the amplitude from half its 
maximum value on one side of the resonant frequency, f 0 1 to half its 
maximum value on the other. side, Af0, 5 /f0 is a measure of the internal 
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friction. For a linear system with low damping, (Kolsky(82)), 
Mo.s/f0 .. ff /Q • 
In experiments using a travelling wave or a single impulse, 
for plane waves of small amplitude, the attenuation is found to be 
exponential, of the form: 
-kx 
P = Po e 
where p0 , p are the magnitudes of the wave at the origin, and at a 
distance,x, from the origin, respectively. The attenuation constant, k, 
is related to the quality factor, Q, by (Kolsky (82) p 10Hf): 
k = rQ ' where ). is the wavelength. 
The three techniques above have been the ones principally used in 
investigations on granular media, and yield, for low attenuation: 
= ..E.. 
A.k ).5.1 
In some instances decibels (dB) have been used to express the decay, 
leading to the quantities D1 (in dB. cm-
1) and Dt (in dB s-1 ). These 
are related to the quality factor, 
8.69 Tl" 
Q = X~ = 
Q, by the expression: 
s.69Trf 
).5.2 
Hunter et al. (67) used the apparatus described in Section 
).5.(i)(b) to measure wave attenuation as a function of frequency and 
applied pressure in four samples of sand. In this case, continuous 
waves were u.sed and the variation of signal amplitude with the thickness 
of the sand layer obtained in dB/em , For the variation of attenuation 
with frequency, they plotted their results in such a way as to give lines 
of slope D1 /f • They concluded that over the frequency range used, 10 
to 50 kHz, the results could reasonably be described by a single line, 
with a slope equivalent to Q-1 ~ 0.1 It might be argued, however, 
that the results show a slight tendency for D1 /f to decrease with 
increasing frequency •. 
Measurements of the variation of attenuation with applied 
static pressure were made at a frequency of 25 kHz • Whilst D1 decreased 
with increasing static pressure, the value of Q-1 was constant to within 
± 6% and showed no observable trend. The mean value obtained was 
Q-1 = 0.117 • The loss was found to increase with increasing grain size, 
Q-1 increasing from 0.08. to 0.12 as the mean particle size increased from 
260 pm to 860 pm • Hunter et al. suggested that in order to obtain 
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reliable a~tenuation measurements on granular materials, transducer 
faces should have linear dimensions of the order of about 100 grain 
diameters or more. 
Gardner et al. (37)(142) performed resonance tests on 
samples of sand and glass spheres over a frequency range (up to 30 kHz) 
similar to that of Hunter et al., but at much higher confining pressures. 
Details of the experiments have been given in Section 3.5.(i)(a) • Values 
of the logarithmic decrement were obtained from the width of the resonance 
curve, for both longitudinal and torsional vibration, and were found to 
be independent of the amplitude of vibration, A, at the small amplitudes 
used. This disagrees with the predictions of Mindlin et al. (98) that 
J should be directly proportional to A. The logarithmic decrement was 
found to be proportional to w-1/ 6 for confining pressures up to about 
1000 psi, to decrease more slowly with increasing pressure above this 
value, and to approach an almost constant value above 5000 psi. 
The extensional and torsional decrements were found to be 
almost equal over the entire pressure range, and for Ottawa sand varied 
typically from about 0.01 at very low confining pressure to 0.0025 at 
5000 psi (Q-1= 0,0032 to 0.0008). The addition of a small volume of 
water was found to incfease the decrements by an amount proportional to 
the mass of fluid added. As was noted in the discussion of velocity 
measurements, the authors found it necessary to prepare the samples by 
pressure cycling in order to obtain consistent results. 
Duffy and Mindlin (29) in resonance tests on bars composed 
of 1/8 inch diameter steel balls arranged in regular close-packed arrays, 
found the logarithmic decrement to be independent of the amplitude of 
vibration in the range of amplitude used (0.0025 to 0.025 pm). The 
logarithmic decrement did, however, depend on the confining pressure 
applied to the bar, and for close tolerance balls ranged from 0,054 at 
14.7 psi to 0,129 at 1.92 psi·, For a bar composed of poorer tolerance 
balls the logarithmic decrement was about 25% smaller. 
In resonance experiments at amplitudes of vibration higher 
than those of Gardner et al. and Duffy and Mindlin, Hall and Richart (51) 
found that the logarithmic decrement, obtained ~rom the decay of free 
vibrations, increased with increasing amplitude. For Ottawa sand (size 
range 600 to 850 pm) the variation could be expressed in the form 
S o< An. The exponent n had a mean value of 0,25 • Individual values 
varied from 0.16 to 0,34. · For samples saturated with water or dilute 
glycerine, n varied from zero to 0.13. The values of~e decrement for 
Sq. 
saturated samples were greater than those for the dry case by a factor 
of between 1.5 and ~ • For large diameter glass beads (800 - 1200 pm) 
the relationship between decrement and amplitude was found to be the 
same as for Ottawa sand, n having an average value of 0.38 for dry 
samples and 0.15 for saturated samples. However, in tests on small diam-
eter glass beads (~0 - 100 pm), the exponent, n, was not constant over 
the amplitude range ("' 1 - 10 pm), but the damping became progressively 
less dependent on amplitude as the amplitude decreased. Similar 
behaviour was found for a sample of a fine-grained crushed quartz (2 - 25 
pm), which in addition showed complicated effects of the static loading 
history and duration of loading. The values of l/)guithmic decrement 
obtained were also found to depend on the time of vibration, and on 
whether the experiment was carried out at progressively increasing or 
decreasing amplitudes of vibration. Higher vibration amplitudes appeared 
to "shake out"the effects of preloading. Effects of previous loading on 
the behaviour of granular materials were reported as long ago as 1883 by 
G.H.Darwin {20). A more recent discussion is given by Makhlouf and 
Stewart (88). 
In the experiments of Hall and Richart, confining pressure 
was varied over the range ~ - 50 psi, by placing the sample, deposited 
in a cylindrical rubber membrane, together with the vibration apparatus, 
in a triaxial cell. Whilst in geDeral the logarithmic decrement was 
found to decrease with increasing confining pressure, in some cases it 
was found to increase, and possibly to be in some way dependent on the 
amplitude of vibration. For the fine-grained quartz, loading history 
was more significant than confining pressure. For ottawa sand, the 
logarithmic decrement for tightly-packed samples was generally slightly 
smaller than for loosely-packed samples, but this effect was small in 
comparison with the variation with amplitude. The logarithmic decrement 
in the experiments of Hall and Richart varied between 0,02 and 0,20 
{Q-1 = 0.006 to 0.06). 
Time and pressure cycling were also found to be significant 
factors by Pilbeam and Vaisnys (103), who determined Q~1 from the width 
of resonance peaks and from the decay of free vibrations. A number of 
different materials were tested, both dry and treated with var~ous 
lubricants. Experimental details have been given in Section 3.5.(i)(a). 
Q-1 was found to be essentially .independent of amplitude and frequency 
of vibration over the range of these variables investigated (0,1 to 1 pm 
and 1 to 20kHz). Attenuation was found to decrease initially with time 
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and pressure cycling for samples of glass beads. The decrease was of 
the order of 10 to 20% in the first day. This time effect was not 
shown by samples of alundum or sodium chloride, and only slightly by 
spherical alumina. 
The variation of Q-1 with confining pressure, W, was not 
as well-defined as the velocity variation, and a more pronounced hysteresis 
was found between the increasing and decreasing pressure measurements. 
A power dependence of the form Q-1 o< wY was used to describe the variation. 
The value of y varied from -0.5 to -0.9 for glass beads and spherical 
alumina, and from -0.3 to -0.4 for angular alundum and crushed glass 
plate. For dry samples of glass beads, Q-1 was typically 0.015 at a 
confining pressure of 0.95 bar. The effect of various lubricants was 
-1 -1 to multiply Q by a factor of between 2 and 10. Q for alundum at 
0.95 bar was 0.004, increasing by a factor of 4 when lubricated. 
The lunar seismic investigation which was performed as a 
part of the Apollo programme indicated conditions of very low attenuation 
compared to those found on the earth. Values of Q measured in situ on 
the moon were of the order of 3000 to 5000, while laboratory measurements 
of wave attenuation in returned lunar rock samples gave values of o~y 
10 to 200. Chung (17) suggested the possibility of a permafrost layer 
on the moon, in which ice would interlock cracks and pores in minerals 
and rocks, and produce low seismic attenuation at low frequencies. 
Alternatively, he wondered whether the difference between in situ and 
laboratory measurements could be adequately explained by the presence or 
absence of absorbed volatiles. 
The results of Tittmann et al. (127) support this latter 
view. They found for a sample of terrestrial basalt that the value of 
Q at room temperature increased from below 75 in normal laboratory air 
to above 1500 after outgassing at elevated temperature at 10-?torr. 
The value fell to about 100 on re-exposing to laboratory air. A similar 
sample, open to laboratory air on a low humidity day, was exposed to 
a variety of gases and vapours. Breathing on the sample resulted in an 
immediate substantial increase in attenuation, which the authors 
attributed to water vapour. Exposure to nitrogen, carbon dioxide, oxygen, 
hydrogen, ammonia, hydrogen chloride, argon and helium had no effect on 
attenuation, whereas ethanol, methanol, trichloroethane, acetone and 
carbon tetrachloride produced large increases. The authors concluded 
that water is the most likely cause of high attenuation in laboratory 
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measurements, but the mechanism by which the absorbed water increases 
the attenuation is not yet understood. 
Jones (75) made laboratory measurements of seismic 
attenuation in rock powders in conditions aimed to correspond as closely 
as possible to those in which the lunar seismic signals were obtained. 
The experimental technique and granular materials have been described 
in Section 3.5.(i)(a). In particular, he used low frequencies (5-15Hz) 
and small amplitudes (down to ""20 1). Measurements were made at 
ambient pressures down to 10-3 torr, and the samples were baked in vacuo 
-1 b . to remove absorbed volatiles. Values of Q were o ta1ned from the decay 
of free vibrations. 
Jones found that a change in ambient air pressure from 
-2 atmospheric to 10 torr reduced the attenuation, typically by a factor 
of 2. He considered this to be a result of a reduction of viscous losses 
in the pores together with the removal of weakly bonded surface volatiles, 
especially water. Heat treatment under vacuum resulted in a further 
significant 
temperature 
while still 
reduction in attenuation. A sample held under vacuum at a 
0 
of 250 C for several days, and then cooled to room temperature 
-1 
under vacuum, gave a value of Q a factor of ~ lower than 
.that at atmospheric pressure. Attenuation increased with increasing 
temperature, at a given ambient pressure. 
The.rate of decay of free vibrations, and hence the value 
of Q-1, was found to decrease as the amplitude of vibration decreased 
from an initial value between 1000 and 2000 1 to a lower limit of about 
20! determined by background noise. No variation of attenuation with 
frequency of vibration was observed. Comparison of wave attenuation 
in three size-fractions of 
particle size and packing. 
the range 0.003 to 0.025 • 
alumina revealed complicated effects of 
Values of Q-l in the experiments were in 
A summary of the influence of various parameters on the 
attenuation of waves in granular media is given in Table 3.2 • 
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Confining 
pressure 
Wave 
amplitude 
Wave 
frequency 
Temperature 
Ambient air 
pressure 
Heat 
treatment 
Moisture 
content and 
lubricants 
Porosity of 
bed 
Grain size 
Grain mineral 
Load cycling 
Velocity of 
Propagation 
Increases with increasing 
pressure according to a 
power law. (37,55,58,67, 
68,69,91,102,103) 
Deviation at low 
confining pressure (114) 
Longitudinal waves 
-none (37,58,75,103) 
- increases with 
increasing amplitude 
in shock loading (55) 
Shear waves 
- falls with increasing 
amplitude. (58) 
None (37,58,67,75,91,103) 
None (75) 
Slight increase with 
decreasing pressure (75) 
None (75) 
Decreases with increasing 
moisture content (58,68, 
69) 
Greater for lubricated. 
than dry samples (103) 
Increases strongly with 
decreasing porosity (37, 
58,68,69,75,100,110,113) 
Effects interrelated with 
packing. 
Slight increase in finer-
grained samvles (68,69) 
None (37,58} 
Possible increase with 
increasing size (67,75, 
91,100,103,110) 
Higher in harder material 
(75) 
Various effects (58 1102, 
103,124,134) 
Attenuation (Q-1) 
None(67) 
Decreases as pressure 
increases according to 
power law. (29,37,103, 
142) 
Decreases or increases 
with pressure (51) 
None (29,37 ,103,142) 
Increases with 
increasing amplitude 
(51,75) 
None (67,75,103) 
Increases with 
increasing temp. (75) 
Decreases with 
decreasing pressure (75) 
Decreases with heat 
treatment under 
vacuum (75,127) 
Increases with 
increasing moisture 
content (37,51,127 1142) 
Greater for lubricated 
than dry samples (103) 
Complicated effects (75) 
Effects interrelated 
with packing. 
Increases with increase 
in grain size (67) 
Various effects (51,103) 
Table 3.2 Influence of various parameters on the velocity of propagation 
and attenuation of waves in granular media. 
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3.6 The mechanics of granular matter. 
3.6.\i) Introduction. 
Theoretical analyses of the mechanics of granular matter 
may be classified according to whether the material is modelled. 
primarily as a continuum or as an assemblage of discrete particles. 
Deresiewicz (22) notes that most of the early work on granular media 
was concerned with problems of soil mechanics, in particular, with 
evaluating earth pressures on bounding surfaces of a soil mass, and 
for this purpose the material was represented as a continuum subject 
to additional constraint conditions and relations, Continuum models 
have been applied to wave propagation phenomena in granular media, 
particularly by civil engineers. Rardin (57) for example, while 
accepting that sand is a complex material and that no simple model 
will completely describe its behaviour under all loading conditions, 
argued that the Kelvin-Voigt (viscous damping) model adequately 
describes the attenuation of small-amplitude sinusoidal vibrations 
in dry sand over a large frequency range. White (138, p. 110) noted 
that this method of introducing losses has the advantage that it 
yields a linear wave equation, which can be solved for arbitrary time 
dependence. 
The limitations of continuum analysis result from the 
fact that granular materials consist in reality of discrete particles, 
whose interaction determine its behaviour. Particulate approaches to 
the mechanics of granular matter attempt to use the primary properties 
of the constituent particles and an analysis of a particle-particle 
contact, together with a model describing the state of the granular 
assembly, to predict the macroscopic properties and behaviour of the 
material. The analytical difficulties inherent in this procedure are 
formidable, even for very simple, ·well-defined cases. Developments 
in the area of mechanics known as Contact Theory have, however, led 
to some success in describing the behaviour of granular matter. In 
this section, these developments in the analysis of a single contact 
will first be described and discussed. Applications of this work to 
granular media will then be reviewed. 
5~ 
3,6,(ii) The behaviour of a single contact. 
(a) Normal forces 
The classical theory of contact between two elastic bodies 
is due to Hertz (59) (126), and considers the effects of forces normal to 
the initial common tangent plane of the bodies, Hertz assumed (i) that the 
solids are isotropic and linearly elastic, (ii) that the surface of contact 
resulting from the applied normal force is plane, (iii) that the dimensions 
of this contact area are very small compared to the principal radii of 
curvature of the undeformed bodies, in the region of the initial point of 
contact. It follows from the above, to a first approximation, that points 
on each bodY: which come into contact as a result of compression, as well 
as neighbouring points, may be considered to lie, before compression, on a 
surface of the second degree. The co-ordinates of each of the two surfaces 
are referred to an origin located at the point of initial contact. 
(iv) Relative lateral displaeements of points on opposite sides of the 
contact resulting from the applied normal load are assumed to occur unimpeded 
i,e, the bodies are assumed to be perfectly smooth. (The ease of rough 
spheres, in which relative slip is prevented, has been discussed by 
Goodman (q3).) 
On the basis of the above assumptions, the problem is considered 
as one of a body bounded by a plane, and the normal pressure distribution, IT, 
on the contact plane is obtained (26) from the solution of the integral 
equation: . 
( O,r&z)jj IT01 "£)1;-I J.5 J.'t- = 0( -l:(x,j) 
where the 'distance function', 
and r1 = [<x- f)2 + {y -y)2 
3.6.1 
'11, 1 Y._ '.1'• y«z. are the Poisson 1 s ratios and 
shear moduli of the bodies. 
A , B are known constants descriptive of the geometry of the surfaces. 
The solution of equation 3,6.1 (Love (85)) yields a normal pressure of 
magnitude CT resulting 
IT= 3N 
2'!Ta b 
from a normal force N: 
2 2 .l. 
[ 1 - (i) -(t) ] 2 3.6.2 
distributed over a plane contact bounded by an ellipse of semiaxes a and b. 
The values of a and b are obtained from two complete elliptical integrals 
which can, in general, be evaluated only numerically. The dimensions of 
the ellipse are shown to vary with ~/3, and regions of the solids which 
bO 
are remote from the contact zone approach each other by an amount which 
varies with ~/3, this latter relation being kno~ as Hertz's contact law. 
The non-linear dependence on N should be noted. Details of the contact 
problem and its solution for various solids of revolution are given by 
I.ubkin (86). 
For the simplest case, that of two like spheres, each of 
radius R, 
given by: 
Hertz theory predicts a plane, circular contact area of radius, a, 
a pressure distribution 
<T = 3N 
2-rro! ( 
2. 2.,'h. Q.. -r / 
where r is the radial distance from the centre of the contact, 
and a normal approach, o(, given by: ~ 
~ 2 [ 3(1-t~)f'IJ 3 
o£ - fl,rR'/:z. 
The normal compliance, C, is 
c = = 1-v 
3.6.I.i 
3.6.5 
3.6.6 
The maximum pressure is at the centre of the contact, and is equal to 
3N/2-rrQ..z.. 
The essential results of the Hertz theory of normal contact have been 
confirmed by numerous experiments; details and references are given by 
Inbkin (86). 
The power dependence of the radius of contact, a, on the 
normal load, N, is related to the assumption that the surfaces in the 
vicinity of the contact are approximately second-order. Solutions of 
the Hertz problem have been obtained. for cases in which the. distance 
function was not defined in a second order form. CattaD.eo (reported in 
{26) {86)) solved the axisymmetric contact problem for bodies of the 
2 I.i form z = ~ r + A:! r • The normal pressure of equation 3.6.2 now 
has the form: 
3.6.7 
where m and n depend on the elastic and geometric parameters of the system. 
The contact radius, a, is governed by an algebraic equation of the fifth 
degree. Approximate solutions for the radius of contact, pressure 
distribution, and normal approach for this case are given by Deresiewicz {24). 
Steuermann (119) treated the problem of contact of 
axisymmetric bodies for which the distance function could be represented 
bl 
by z (r) =A r3/2 • Solution of the integral equations gave a pressure 
distribution: .:1. !>f'l[ ~ J. ( f..Hl 
<Tft) = ;.Q..,. ~i.....f}'t-"'s'f + : C4snF{~)- 2.E.({I'JJ 3.6.8 
where CoS f = ~ , E=(f) = ;tl-1s:...'"f 1 E: ({I) = ); 1- "i$i..~tp elf 
The radius of contact is proportional to ~/5 . 
In earlier papers to which Steuermann refers, for other cases of solids 
of revolution in osculating contact of any order, in which the distance 
function is given by z(r) = A r2n , the contact law is shown to be 
Dl. = k "' 2. .. /[:z. ... + r) 
and the radius of contact is proportional to 
Deresiewicz (26) notes that in this case the pressure distribution is 
the Hertzian one multiplied by a polynomial in r of degree 2 (n - 1) with 
the odd powers absent. 
For the case of wedges or cones in contact with p, and l':z. 
small, 
of the 
Conway has given solutions 
contact problem which in the 
case of isotropic material with 
shear modulus, fA , and Poisson' s 
ratio, v , become: 
~ ( 
(i) For wedges: 
Thus 
(ii) For cones: 
ct(l"'). : 1-.:) • ( ~1 +~'I.) cosl.. -I !.. (1-v r 
1). = r N • (t-v>7K 
ttrC~.+~&) -;;:-J 
Thus tS"(r) : ~z. cosl, -I ~ 
//// / , 
1--• 14 (r..lct~,.s) 
1- (<OII<S) 
3.6.10 
3.6.11 
3.6.12 
3.6.13 
Discussions of further matters relating to the normal loading of 
bodies in contact are given in references (19; 22, 26, 85, 119, 126, 138). 
(b) Tangential forces. 
In many cases of contact bet,ieen bodies, including the inter-
particle contacts in granular material, tangential as well as normal 
stresses are present at the contact surfaces between grains, Corresponding 
to the normal theory of contact developed by Hertz, solutions have been 
obtained for cases involving tangential as well as normal stresses, and 
these have been applied to regular arrays of like spheres (see 3.6.(iii)). 
Consider a pair of like spheres, initially compressed by a· 
constant normal force, N, and subsequently subjected in addition, to a 
monotonically increasing tangential force, T, (Figure 3.6,1). The solution 
of the equations of elasticity for this case was obtained independently 
by Cattaneo (16) and Mindlin (96). The tangential force, T, is found 
to produce an infinite tangential traction,~, at the edge of the contact 
surface if it assumed that there is no relative displacement of opposing' 
points on the contact surface. The traction is given, in this case, by the 
relation: 
3.6.15 
This distribution is shown in Figure 3.6.1 ('{'(NO SLIP) ), It is therefore 
assumed in the theory that such a relative displacement does take place, and 
for reasons of synnnetry, it occurs on an annulus, the outer edge of which 
coincides with the edge of the contact surface. The relative displacement 
on this annular portion of the contact surface is termed 'slip', and is 
distinguished from 'sliding', which is the term reserved for relative 
displacement over the entire contact, Finally, it is assumed that the 
tangential component of traction,~, at each point on the annulus of slip 
is proportional to the normal component, tT, (given by eq. 3,6,q). 
Coulomb's law of friction is thus taken to hold locally, i.e. 'C = f tr , 
where f is a constant coefficient of frictio~. (The same problem has 
more recently been considered by Keer and Goodman(77) for an arbitrary 
friction function.). The solution of this problem (16) (96) yields the 
radius of the adhered portion , c, as: 
( -r·)~ C = Cl. I- fN 3.6.16 
the relative tangential displacement of points in the two spheres far 
away from the contact, & , as: 
3.6.17 
b3 
I 
I 
I 
-!-- ~ (No SLIP) 
Figure J.6.1 Distributions o£ normal (~) and tangential 
(~) tractions on the contact surface o£ a 
pair of like spheres (from Mindlin (97) ) 
-r 
-ro -------- p 
s ------- -T* 
Figure 3.6.2 Theoretical hysteresis loop due to 
oscillating tangential force at constant 
normal force (Mindlin and Deresiewicz (98)) 
and the distribution of tangential traction on the contact area: 
3fN ( ~:z.- L 2.) r':z. 
'f:::., 3 "'- r I c~t-~0... 
4"1f"Q. 
'C = 3fN [(o..,__,. .. )'b.-(c.'~-_,. ... )'fz.j I ,.. " c 
2rrta! 
3.6.18 
The distribution of "C is shown in Figure 3.6.1 ( "C (SLIP)), and the form 
of J by curve OP in Figure 3.6.2 • The tangential compliance of the 
contact, S, is given by: 
s = d[ dl 3.6.19 
As T approaches fN, the radius of the adhered portion tends to zero and 
the tangential compliance grows without bound, For T > fN, sliding occurs. 
If T/fN is very small, S::!:! :_-il and is of the same order as the normal 
... /" ... 
compliance from Hertz theory, C = ~ 
2r"' • 
If the tangential load T is now reduced from its peak value 
T* { < fN) to a value T < T* , slip once again occurs, in the opposite 
direction to that of the initial slip. An annulus of counter-slip is 
formed and grows radially inwards as the initial force continues to be 
reduced. This case was considered by Mindlin, Mason, Osmer and Deresiewicz 
(99). The inner radius of the annulus of counter-slip, b, is given by: 
b : ~ [ 1 _ -rt'"- T ] 1J .3. 6,2o 
2.fN 
and the tangential displacement of distant points of the spheres during 
unloading, S,.., is: 
J. = J(z.-v)£"'[2(1-r-r)%-(1-•")~-1] 3.6.21 
"' s,......a. 2.fll/ · fill 
This is illustrated by curve PllS in Figure 3.6.2 , At T = O, point R, 
the spheres are still displaced tangentially from their initial position, 
and this residual displacement can only be removed by applying a tangential 
force in the reverse direction. The contact behaviour is thus, in this 
case, not only non-linear, as noted earlier, but also inelastic. 
When T = - T* , the counter-slip has the same magnitude as the original 
slip at T*, as may be seen by comparing eq. 3.6.20 at T =- T* with 
eq • .3.6.16 at T = T* , 
The tangential compliance of the contact during unloading is: 
S = ~ (I- -r+-T)- ~ 3,6,22 
4-,.....o.. 2fN 
A subsequent increase of T from - T* to T* reverses the sequence of 
events in the unloading case. Thus JL = - ~ ... (-T), illustrated by the 
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curve SUP in Figure 3.6.2 , and the tangential compliance, S, is given by 
eq. 3.6.22 with the sign of T reversed. 
For the case where a tangential force, T, oscillating between 
: T*, acts on a pair of like spheres held together by a constant normal 
force, N, therefore, slip is confined to an annulus whose inner radius is 
given by eq. 3.6.16 with c and T replaced by c* and T*, the amplitude of 
the. relative displacement of the spheres is given by eq. 3.6.17 with T 
replaced by T*, and the force-dispalacement curve is a loop (Figure 3,6,2) 
enclosing an area which represents the energy dissipation per cycle (97): 
F= Ci(~;~t~1.t 1- (1- ~I'JIJ- ~· [t+(l-~l'SJJ 3.6.23 
F~ (2.-..,)(r*l 
' 
-r* « fN 3.6.2~ 
The theory of tangential contact outlined above has been 
tested experimentally. Observation of surface wear on glass lenses after 
a large number of reversals of tangential force between constant amplitudes 
by Mindlin et al. (99) revealed annuli of wear with dimensions in good 
agreement with the theoretical values. Johnson (72)(73) performed both 
static and dynamic tests using steel balls in contact with a steel plane. 
He also produced annuli of wear with dimensions very close to those 
predicted by equations 3,6,3 and 3.6.16, and force-displacement relations 
in close agreement with 3.6.17, as shown in Figure 3.6.3. Goodman and 
Brown (q~) also reported experimental tangential force-displacement 
hysteresis loops which matched the theory in all cases. 
Agreement between theoretical and experimental values of 
energy loss per cycle has been less satisfactory. For large amplitudes 
near to the point at which gross sliding occurs, Mindlin et al. (99) and 
Johnson (72) obtained values of energy dissipation which conformed 
reasonably to those predicted by eq. 3.6.2q • For small forces, however, 
the loss varied with the square of the amplitude rather than the cube, 
and at intermediate amplitudes the energy loss appeared to be strongly 
dependent on the sphere diameter (72). Goodman and Brown (qq) suggested 
that this latter deviation from the energy loss predicted by the theory 
results from the use of an average value of the coefficient of friction, 
the same in all cases. In place of the previously used plots of energy 
loss, F, versus force amplitude, they constructed curves of F versus 
displacement amplitude using as units of energy and displacel:lent T .J 
ma:x ma:x 
and b ma:x respectively, where Tmax = fN. and S max = 3(2.-v)fll! , 
Bra. 
.. 
Figure J,6.3 Force-displacement relation for 
tangential loading of contact at 
constant normal load. Comparison 
of theory and experiment.(From (26)) 
0 
o V-r' o~,;~. ~ 
b. 3/-g" -··-
o v ..• -·-
~ %." -·-
O·Z. f.O 
Figure 3.6.4 Energy loss due to oscillating tangential 
force at contact versus displacement 
amplitude. Comparison of theory and 
experiment. (From Goodman and Brown (44». 
they showed the ~esulting curve to be independent of the value of the 
coefficient of f~iction. A compa~ison between theo~ and expe~iment 
using this method of plotting is shown in Figure 3.6.~, and shaws no 
effect of sphe~e size. Ag~eement lrith theo~ is satisfacto~ for 
0.~5 < f*';& max < 1 
In the discussion of Goodman and B~own's results, Johnson (~~) 
noted that damage done to the surface of the contact during repeated 
tangential loading may result in a coefficient of friction which v~ies 
t~oughout the contact region. Mic~oscopic examination of the fretted 
annulus after cyclic loading at T* slightly less than T showed a 
. max 
greater area of ~eal metal-to metal contact at the oute~ pe~iphe~ of the 
annulus, where the amplitude of slip had been l~ge, than to~ds the 
cent~e. Rupture of oxide films and the development of cold-welding may be 
involved, and the coefficient of friction, f, 0.35-0.~5 fo~ the undamaged 
surfaces, may app~oach 1.0 at the oute~ edge of the contact. These effects 
would ~educe energy loss at moderate amplitudes, and are still evident in 
the results of Goodman and Brown (Figure 3.6.~) as they had been in 
Johnson1 s results (72), though the former have minimized the effects by 
the use of stainless steel. 
The eriergy loss at low amplitudes has been attributed to 
internal hysteresis. Johnson (discussion of (~~)) reported ·an experiment 
on a purely normal oscillating contact which supported this view. 
White, however, (139), noting that convincing experimental evidence 
demands that frictional energy loss be independent of amplitude at low 
amplitude, proposed a relationship based on an intuitive ~gument, shoving 
that energy is required to overcome static friction just prior to slip, 
resulting in an energy loss per cycle at small amplitudes independent 
of amplitude and proportional to the squ~e of the difference between the 
coefficient of static and sliding friction. 
Other contact problems analogous to that presented above 
have been discussed in the literature, involving for example, torsional 
forces on bodies in contact. Deatails of these and further references 
may be found in (26)(60)(73)(86). 
In the case discussed above, the normal load on the contact 
was constant. In a bed of granular material, ho1{ever, subject to static 
or dynamic loading, normal and tangential components of force at the 
inter-particle contacts will generally vary simultaneously. In this case, 
the inelastic behaviour of the contact causes the instantaneous tangential 
force-displacement relations to depend on the entire past history of 
normal and tangential loading. Mindlin (97) noted that the results 
obtained depend on how· the normal and tangential forces vary relative to one 
another - whether the sense of the variation is such that one increases 
while the other decreases, both increase, or both decrease; whether the 
relative rate of change is greater or less than the coefficient of friction; 
whether the immediate past history of loading was in the same or the opposite 
sense as the current loading. 
A large number of the possible cases listed above were treated 
by ~lindlin and Deresiewicz in a detailed study of the oblique loading of 
elastic spheres in contact (98), including a calculation of initial 
tangential compliances for a variety of past histories, and instantaneous 
rates of loading, and a detailed investigation of contact behaviour 
resulting from a varying oblique force. (The oblique contact of non-
spherical elastic bodies has also been considered by Deresiewicz (21)). 
The results of one particular set of circumstances are relevant to the 
theory of the mechanical behaviour of granular media. (Sections 16 to 
18 of (98) ). 
In this case two like spheres are subjected to an initial 
normal compression, followed by an oscillating oblique force. The 
tangential component of the resultant of the additional force oscillates 
between :!: T* while its normal component changes in such a way as to 
maintain const.ant the ratio fl = dT/ dN • . For (> > f, the force- displacement 
relation is shown in Figure 3.6.5 After traversing the path·OPRS, the 
relation stabilizes along SUVWS , In this case force is measured in units 
of 1t = f N0 and displacement in units of J0 = 3(2-y)fl>lo/s_....,....., 1 max 
denoting the limiting magnitudes of these quantities which would occur 
if the normal force remained 
L = T/T* andi~~ = ! /£ 0 max 
constant at its initial value. Then 
• 
The tangential compliance of the contact in the stabilized cycle during 
loading 
where 
with the signs of 
~ 1 • 
Ff and 
3.6.25 
For unloading, S is given by the same expression 
L reversed. 
L 
,!' ----- VP 
A 
Figure 3.6.5 Theoretical hysteresis loop due to 
oscillating oblique force (Hindlin 
and Deresiewicz (98) ) , 
L 
L* V P 
Figure 3.6.6 Theoretical hysteresis loop due to 
oscillating oblique force (Mindlin 
and Deresiewicz (98) ). 
(0 
r----------------~------- --- ~-------- -
The energy loss per cycle is: 
F = q(2.-v)(fNoY'f.Lf~(r-~L*I~-l_;:!(r+6-L-f.)% 
IG)"Q.o (4-&D-& I+& 3.6.26 
For small"values of L*, 
- I~&"" (r-L*)26[t- r:'i~:r.L11J] 
3.6.27 
In all the equations for this case there exists a limitation on the value 
of 'r*, which may be expressed in the form : 0 ~ L~ ~ Tf&: 
For the case where ~ ~ f ( · I ~ 9 ( ao ) , the load-displacement relation is 
as shown in Figure 3.6.6 , OPOS represents the initial loading and 
unloading paths and SUVUS the stabilized path. In this case no hystere·sis 
loop forms and there is no frictional energy loss. 
The tangential compliance for the stabilized cycle is: 
s = 2-v 
4-rQ. 
).6.28 
The expressions for energy loss (Equations 3.6.26 and 3.6,27) vanish for 
~ = 1 ; dT/dN must therefore exceed the coefficient of friction for 
slip to occur and frictional energy to be dissipated. 
In experiments on steel spheres subjected to normal load 
and an additional oblique contact force, Johnson (7q) found that for 
angles of obliquity of the oscillating additional force less than the 
angle of friction of the surfaces, the energy loss was very little 
different from the small loss found with purely normal oscillation. 
For angles of obliquity greater than the angle of friction, energy 
dissipation and surface damage were found which increased rapidly as the 
oscillating force became more oblique, to a maximum when the additional 
force was purely tangential. 
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3.6.(iii) Applications of the results of contact theory to 
granular media. 
Various investigators have made use of the results of 
contact theory in attempts to predict the response of a granular medium 
to applied stress. Hara (56), concerned with the operation of the 
carbon microphone, considered the propagation of compressional waves 
in simple cubic and face-centred cubic arrays of like spheres. For 
disturbances with wavelengths long in comparison with the sphere diameters, 
propagating in the direction of one of the edges of the unit lattice, 
he modelled the array as a set of mass-spring systems in series, and 
computed the stiffness of each spring from Hertz's theory of normal 
contact. Hara's model predicts the velocity of compressional waves to 
be proportional to (N/R2)1/ 6 , where N is the normal contact force and 
R is the radius of each sphere. 
Hara's result has more recently been derived by Walton (133) 
as the low-frequency limiting value of the velocity of a compressional 
wave in a simple cubic array of spheres, propagating in a direction 
parallel to one face of the array, Walton's analysis predicts that the 
wave velocity is frequency dependent if an expression including the 
product of the sphere radius and wave frequency exceeds a certain value. 
A cut-off frequency is also predicted, above which the wave decays with 
distance due to total reflection by the packing. 
Gassmann (38)(39) similarly used Hertz theory of normal 
contact to compute the velocities of propagation of waves in a hexagonal 
close-packed array of like spheres. The resulting expressions again 
show a one-sixth power dependence on the pressure. 
Brandt (13) considered a theoretical model consisting of a 
packing of spheres of several sizes. Spheres of the largest size were 
taken to be randomly packed to a given porosity;. spheres of the next 
smaller size were then assumed to pack with the same porosity, in the 
interstices of the first array. This process was repeated for the 
number of sets of particles in the model. An energy balance relating 
the energy required to decrease the bulk volume of the system by the 
application of an isotropic compression, to the sum of the energy used 
in deforming the spheres and compressing the interstitial liquid, resulted 
in an expression for the average normal contact force at the contact of 
a sphere in a given set of particles in the packing. Brandt made use of 
the work of Farnas (36), assumed from Smith, Foote and Busang (118) an 
average co-ordination number of 8.8q, and also assumed from Westman and 
Hugill (136) that the porosity of each set of particles was 0.392 • 
The resulting expression was used to enable the velocity of compressional 
waves to be calculated for dry and liquid-saturated aggregates. The 
predicted velocities again vary with the one-sixth power of the applied 
pressure. In a later extension of the theory, Brandt (lq) considered 
the case of aggregates consisting of particles of different materials. 
The application of Hertz contact theory always results in 
the proportionality of wave velocity to the one-sixth power of applied 
pressure. Experimental data give some support to this result at low 
pressures, but Hughes and Kelly (66) found that at higher pressures the 
velocity increased less rapidly with increasing pressure. Deresiewicz (22) 
suggested that the transition probably represents the upper limit of 
applicability of the classical Hertz theory of contact, the contact 
surfaces between the particles at higher pressures becoming larger than 
is ·consistent with the assumptions of the theory. 
The predictions of the models of Hara, Gassmann and Brandt 
show qualitative agreement with experimental data, but they invariably 
predict values of the velocity of wave propagation lower than those 
observed experimentally. As was noted in Section ).6.(ii)(b), for 
situations in which tangential as well as normal stresses are present 
at a point contact, the tangential compliance of the contact may be of 
the same order of magnitude as the normal compliance. !he solutions of 
the contact problem obtained for tangential and oblique loading by 
Cattaneo and Mindlin have made possible a considerable advance in the 
analysis of the mechanics of granular media. At the same time, the 
inelastic and loading-history dependent nature of the contact relations 
for tangential forces leads to formidable problems in obtaining general 
solutions even for regular arrays of like spheres. However, solutions 
for velocities of wave propagation have been obtained in a number of 
special cases, in which the differential stress-strain relations can 
be used without integration. 
Duffy and Mindlin (29) obtained differential stress-strain 
relations for a face-centred cubic array of spheres, from a consideration 
of a representative element of volume. Expressions were first obtained 
for the increments in the forces at each interparticle contact resulting 
from an increment in the force applied to the faces· of the element. 
Each sphere in a face-centred cubic array is in contact with twelve 
other spheres. There are. thus 36 components of contact force on each 
73 
---------
sphere. For isotropic loading, the number of independent components is 
reduced to 18; 6 normal and 12 tangential. These components are related 
through 9 independent equilibrium equations. Hence the problem is 
statically indeterminate. The solution was obtained by introducing 
equations of compatibility of relative displacements, or alternatively 
by starting with a set of compatible incremental strains and calculating 
the corresponding contact forces. From either approach the incremental 
stress-strain relation was found in the form: 
dcr ij = cijkl de kl 
For the most general state of initial stress, cijkl is a non-symmetric 
tensor having )0 non-zero components when referred to the principal axes 
of the cubic array. These components are linear functions of the 
reciprocals of the 18 initial compliances associated with the 12 contact 
surfaces. Each of the compliances depends on the history of the initial 
stress, according to relations in which N and T are themselves functions 
of the applied stress. 
The solution of equation 3.6.30 thus involves the solution 
of simultaneous, non-linear, integro-differential equations (97). For 
small vibrations in the presence of a high initial stress, the compliances 
may be considered to remain essentially constant. Further, if the initial 
stress is isotropic, the incremental stress-strain relation has ~nly three 
coefficients: 
where: 
da::a: = o11 de= + o12 (deyy + de.zz) 
dc:Tyy = c11 dtyy + o12 (dEZZ + dE:c:) 
dCT = zz 
dayz = 
dcr = zx 
dCT = xy 
011 dt + zz 
2 c411 dE yz 
2 cl.ll.l dt zx 
2 ol.ll.l dt: xy 
( .!..,_.!) c s 
= 
012 
. 71(-
(dEXX + de ) yy 
3.6.31 
in which o;, is the ini tiall isotropic stress, }'- and v are the shear 
modulus and Poisson1 s ratio of the sphere material, R is the radius of 
the spheres, and C and S are the normal and tangential compliances of 
a contact. Mindlin (97) points out that for high-frequency vibration, 
c11 , c12 and cqq would also have imaginary parts, but the theory is not 
sufficiently developed to write them explicitly. 
In order to test the theory, granular bars were constructed 
of steel ball bearings arranged in a face-centred cubic array. The balls 
were held in place by an externally-applied hydrostatic pressure, and 
velocities of longitudinal waves determined by resonance tests. The 
rate of energy dissipation was found from observations of the decay of 
free vibrations. A comparison of the theory with experimental results 
is shown in Figure ).6.7 • The experimental results are seen to be 
better represented by the inclusion of tangential forces, and to show 
improving agreement with theory with increasing confining pressure and 
higher tolerance balls, both of which minimize the occurrence of unequal 
initial contact forces which reduce the stiffness of the bar. 
The velocity of wave propagation in a regular array depends 
on the direction of propagation with respect to the axes of symmetry of 
the array, The granular bars of Duffy and Mindlin (29) were constructed 
in the [100] and fpo] orientations, and the velocity of propagation in 
slender bars oriented in these directions is given by: 
2. 2. , e ... v.-... = c., - c., .. 
c. .. + c.,s, 
1 e ... ~ •• = lf=c,...(c.,-c,.)~.,+ 2e11 ) 2enc...,. + (c.,-c,J(en+2~1) 
2.('1--3v)('l-7.,) [3e"".s;. J~ 
= (lf--3-.1)1 + ('l-7-I)(Z-·D i.('-")&. 
where f,.. is the density of the medium ( = v-e. ) 
3.[i. 
For steel balls the velocities predicted are:. 
. .,, 
'\l;'d'O :: 1330 ~ " fps; 
6;, is in pounds per square inch. 
If tangential forces are neglected, 
c11 = 2 c12 = 2 c44 = 
so that for slender bars: 
2. 2. f. 3e .. .s-• ]'A • t ... "': .... = 3 Ll(t->~J'" ' 
the elastic 
1 
:{'tR c 
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Figure 3.6.7 Wave propagation in a face-centred 
cubic array of steel balls. 
Comparison of theory & experiment. 
(From Duffy and Mindlin (29)) 
and for steel balls the predicted velocities are: 
= fps; = 980 o;'4 fps. 
The energy dissipation in the experimental bars differed 
from the theoretical predictions in a similar manner to the single 
contact experiments reported earlier. The energy loss per cycle was 
greater than that predicted, and varied with the square rather than the 
cube of the amplitude of vibration. The dependence on applied pressure 
was·considered uncertain by the authors, since the results varied with 
the dimensional tolerance of the ball bearings. Whilst the theory· 
predicted that the energy dissipation should be expected to vary with 
the -1/3 power of the static load, the experimental results gave a 
dependence on approximately the -1/6 power. 
Thurston and Deresiewicz (125) derived total stress-strain 
relations for the face-centred cubic. array, by integrating the incremental 
relations of Duffy and Mindlin for the case of a uniaxial compression 
applied concurrently with a related isotropic pressure, and also determined 
the least uniaxial stress to cause gross relative displacement of the 
constituent spheres as a function of the initial isotropic pressure. 
Tests on a granular bar of ball bearings showed good agreement between 
theory and experiment. 
The analysis of the face-ce.ntred cubic array presented by 
Duffy and Mindlin was repeated by Duffy (28) for a hexagonal close-packed 
structure. For an initial isotropic stress, the incremental ·stress-strain 
relations in this case contain five independent elastic moduli. The most 
rapid wave in a hexagonal close-packed array propagates along the hexagonal 
axis of the lattice, and is given by: 
[
3.,..:r.6'"o J~ 
2.' (1-'1})1.] 
'/6 For a packing of steel balls, '\1'100 = 1345 ~ fps, as opposed to 
980 o;;~fps if tangential compliances are neglected. 
Duffy pointed out that in spite of the anisotropy of the 
two close-packed arrays there is only a small variation of the velocities 
as the direction of propagation changes. The anisotropy is most pronounced 
when Poisson1 s ratio. for the material of the spheres is equal to 0.5. 
Even in this case, however, the difference between the fastest and 
slowest dilatational waves in the hexagonal close-packed array is only 
about 1.9%. For the face-centred cubic array, the difference is about 
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3.3%. Resonance experiments by Duffy on granular bars of hexagonally-
packed ball-bearings gave very similar results to those described above 
for face-centred cubic arrays. 
Unlike the close-packed arrays, the simple cubic packing 
has been sho1~ by Deresiewicz (23) to be statically determinate, In this 
case the loading history does not enter into the calculation of the 
contact forces, theugh it does affect the value of the tangential 
compliance at each contact. Deresiewicz obtained explicit total stress-
strain relations for homothetic loading to finite stress levels and 
subsequent unloading between finite levels, and also determined a criterion 
of failure of the assemblage. 
Determinations of the velocities of longitudinal and 
transverse waves travelling along an axis of a simple cubic array have 
been given by White (138), who compared his results, and the predictions 
of Duffy and Mindlin with field data obtained between boreholes in loose 
sand. The predictions of Duffy and Mindlin showed good agreement with 
the field data for compressional waves, but the shear wave velocities 
predicted from their elastic constants were considerably higher than 
those observed, Compressional wave velocities obtained from White's 
analysis of the simple cubic array were low in comparison with the 
experimental data. 
Some attempts have been made to apply the results of 
contact theory to models of granular systems more representative of 
those normally encountered than regular arrays. Eastham (30) considered 
a system of randomly orientated irregular particles, and followed a 
procedure related to that of Brandt. Contact orientations were obtained 
from assumed probability distributions, and the analysis included 
tangential forces at the contacts. The resulting expressioa for the 
velocity of propagation gave a dependence on the square root of confining 
pressure, however, and predicted velocities much lower than those 
observed'experimentally, except at very large confining pressures, 
Other work has been for the most part restricted to 
relatively minor modifications of regular packings, Stoll (120) 
described a model whose elastic behaviour was computed by assuming 
that the particle distribution could be approximated by an aggregate 
consisting of intermixed regions of face-centred cubic and simple cubic 
arrays oriented and distributed at random, (The origins of this model 
may be traced back at least as far.as the work of Smith, Foote and 
Busang {118)) In considering the anisotropic response of the regular 
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arrays, non-linear normal and tangential compliance between particles was 
included but slip was neglected. Assuming a homogeneous state of stress 
on both a macroscopic and a microscopic level, the response of the model 
to one-dimensional stress and strain was computed on the basis of kinematics. 
The predicted response was found to be much too stiff compared to 
experimental results. Stoll suggested that this is primarily due to 
the 'bridging' effect in a real aggregate, which, as he notes, is revealed 
markedly even in the regular array experiments of Duffy and Mindlin, when 
the variation in particle size was due only to the tolerance of the spheres. 
In an attempt to account for the high values of the pressure 
exponent of wave velocity obtained in their experiments, Pilbeam and 
Vaisnys (103)(129) modelled the aggregate by a section of a simple cubic 
array of like spheres modified to include missing contacts. They derived 
a relationship of the form f,..v 1 oc (~)"'h'P'h, where ('::')is the ratio 
of touching contacts to total possible contacts at confining pressure p. 
Then, by assuming that the number of possible contacts varies linearly 
in the direction of relative displacement of sphere centres, the 
relationship (',..V"'Lo< r'h·Swas derived, in close agreement with their 
experimental results. Since, however, high values of the exponent have 
not been universally observed, it may be that effects'other than this 
conversion of near to close contacts under applied pressure are involved. 
In a theoretical study of the influence of grain-grain 
contact geometry on the velocity of propagation of longitudinal waves in 
granular media, Jones (76) concluded that for orthogonal contact, the 
effect of contact geometry is insignificant in comparison with that of 
the contact area and the average number of contacts per grain. He noted, 
however, that it does not follow that the velocity of propagation is as 
insensitive to grain geometry in the case of oblique contact. 
As was noted in Section 3.6.(ii)(b), agreement between theory 
and experiment for energy loss at a single contact is not as good as 
that for'other results of contact theory. This situation is reflected 
and emphasized further in predictions of energy loss in granular arrays. 
The theoretical predictions of Mindlin and Deresiewicz (98), and those of 
White (139), are compared with the experimental results of Pilbeam and 
Vaisnys (103), Hall and Richart (51) and Jones (75) in Table 3.3 .• 
In their review of the literature relating to the mechanical 
properties of granular media in 1975, Vaisnys and Pilbeam (129) concluded 
that there is no satisfactory interpretation of energy dissipation in 
aggregates during wave propagation. "About the strongest statement that 
can be made is that the losses are associated with movements at 
contacts, as indicated by the pressure dependence of Q-1 , and by 
the increase of Q-l li'i th decreasing contact friction. 11 
Authors 
Hindlin and 
Deresieli'icz 
(98)(Theory) 
White 
~139) 
Theory) 
Pilbeam and 
Vaisnys (103) 
(Experiment) 
Hall and 
Richart (51~ 
(Experiment 
Jones (75) 
(Experiment) 
Dependence of 
Q-l on A 
o<A 
None 
None 
0( 
"'O·l.~ A 
Rises li'i th 
increasing A 
A = amplitude of vibration 
A= wavelength of vibration 
W = confining pressure 
Dependence of 
Q-1 on A. 
o( ~ 
None 
None 
Not determined 
None 
Power dependence of 
Q-1 on W 
-2/3 
0 
Spherical -0.5 to .0,9 
Angular .0,3 to -Q,q 
Positive and negative 
dependence. Also 
influenced by A. 
Not determined 
TABLE 3,3 Attenuation of waves in granular media. Comparison of 
theoretical predictions li'ith experimental results. 
'60 
--------
INFERENCES FROM THE PRELIHINARY EXPERINENTS 
AND THE LITERATURE REVIEW. 
The purpose of this chapter is to summarize briefly 
those factors encountered in the preliminary experimental work and 
in the examination of the literature which chiefly influenced the 
final form of the principal experimental investigation. The review 
of the literature and the preliminary experimental work were largely 
carried out in parallel, and the two are inter-related in the evolution 
of the experimental technique, and in the decisions regarding the 
nature, method and range of the principal experimental investigation. 
The complicated effects observed in the attempts to use 
vibratory compaction to prepare beds of granular material for impulse 
propagation tests was matched in the literature by a similar complexity 
of widely differing observations and controlling parameters. In addition, 
the observations of Selig (112) of density variations within beds 
compacted by vibration, cast doubt on this as a suitable method of 
obtaining the degree of consistency of bed packing essential for wave 
propagation experiments. Therefore, despite a number of interesting 
effects which might have been pursued further, vibratory compaction 
was abandoned as a means of bed preparation. 
The work of Kolbuszewski (80) on bed deposition suggested 
an alternative method of obtaining consistent and reproducible granular 
beds. Initial tests using this method of deposition at constant rate 
together with dispersion of the falling material gave very promising 
results, and it was decided to develop the technique further for the 
principal experiments. 
Examination of the literature revealed the crucial_ 
importance of the static load or confining pressure on the behaviour 
of granular media. The need to be able to measure and to vary this 
parameter was therefore noted. In addition, the history of previous 
loading was shown in the literature to be of consid€rable significance. 
It was therefore considered important to develop an experimental 
procedure which could be reproduced in this respect as nearly exactly 
as possible. In addition, the earlier method of building up deeper 
beds during experiments by successively depositing additional material 
onto the existing bed was to be discontinued, so that the loading 
history of all beds could be made more nearly identical. 
~I 
Wave propagation investigations reported in the literature 
showed the power law variation of the velocity of propagation with 
confining pressure to be well-established, though with a wide range 
of exponents. The attenuation behaviour of granular media, however, 
appeared to be much less well accounted for. In particular, conflicting 
observations of the load variation of attenuation were reported (See 
Table 3.2). It was considered to be important, therefore, to be able 
to make adequate attenuation as well as velocity measurements. In view 
of the difficulties encountered in attempts to achieve consistent and 
reproducible values of impulse magnitudes, using impulses generated 
at the frequencies available from the vibrator, together with the 
problems of low-frequency electronic and workshop noise, it was decided 
to use higher frequency and lower amplitude impulses generated by P.Z.T. 
crystals, as initial tests showed that consistent values of received 
impulse magnitude could be obtained in this way. 
Consideration was given to alternative experimental 
techniques for obtaining propagation data. It was clear from the 
literature that all the available methods encountered problems in 
obtaining reproducible results or in the interpretation of the results. 
The widely used resonance technique is subject to criticism in the 
literature regarding the uncertainty of the types of wave propagating 
in long, thin samples of granular material. To this may be added 
doubts about the stability of such samples at low confining pressures 
and the possibility of unrepresentative behaviour occurring under 
conditions of resonance. The method using continuous waves in deposited 
beds under non-resonant conditions was considered, but rejected due 
to the problems of interference of reflected waves. Pulse methods 
appeared to be free of most of the problems associated with these other 
techniques, the principal difficulty here involving the description 
of the impulse in the analysis of the results. 
It was decided, therefore, to investigate the velocity 
and attenuation of low amplitude, compressional impulses, as a function 
of applied static load, in beds of different particle size fractions 
of sand, the impulses being generated using P.Z.T. crystals, and the 
beds deposited and prepared in a carefully controlled manner, without 
the use of vibration. 
CHAFTER 5 EXPERD-IENTAL A.PPA1lATUS At~1l PROeEDURE 
5.1 The Experimental Apparatus 
The experimental apparatus was designed to enable the velocity 
of propagation and attenuation of a small amplitude mechanical impulse 
in a granular medium to be studied in relation to the applied static load, 
the duration of the impulse and the properties of the granular material. 
The mechanical behaviour of granular materials is dependent on the state 
of loading of the inter-particle contacts, on the history of previous 
loading, and on the characteristics of the packing. Particular attention 
was given, therefore, in the development of the experimental apparatus 
and technique, to the deposition and subsequent preparation of the 
particle beds for the propagation experiments. The general arrangement 
of the apparatus is shm;n in Plate· 5.1 • 
A· screw press was used as the basis of the static loading 
system (Plate 5.2 and Figure 5.1). Beds of granular material under test 
were contained in a 26.5 cm diameter. stainless steel cylinder (wall thick-
. . 
ness 3.2 mm), one end of which rested on a base plate of duralumin, to 
which the impulse receiver transducer was centrally fixed. By sliding 
the base plate along the table of the press, the assembly could be 
positioned for deposition of the beds (Plate 5.3) or for the propagation 
eXIier~cnts (Plate 5.2). 
The. static load was applied to the packed beds under test by 
a mild steel loading plate, 20.7 cm diameter, 6 mm thick, incorporated 
into the impulse transmitter. The loading plate was made significantly 
smaller in diameter than the cylinder containing the granular material 
in order to minimize any local wall friction effects resulting from the 
application of the static load. The applied load was measured using a 
proving ring fitted with duralumin end pieces, the upper of which was 
shaped at its centre to accept the truncated conical end· of. the high-
tensile steel screwed rod of the press (Plate 5.4). This point of 
application of load to the assembly was lubricated with oil containing 
graphite. The maximum liOrking load of the proving ring was 180 kg , and 
the sensitivity of measurement of static load applied to the deposited 
bed was 36.3 Nm-2 per scale division (0.07% of loading range). 
A vertical t inch diameter steel rod bolted and clamped to 
the frame of the press served to carry the hopper and sieves of the 
deposition system. In order to monitor the movement of the transmitter 
with changes in static load, a dial gauge (0.01 mm per scale division) 
Threaded steel rod 
Proving ring 
Stainless steel 
cylinder 
Impulse transmitte 
Granular material 
Impulse receiver 
Dial gauge 
showing 
depression 
of loading 
plate. 
Figure 5.1 Schematic diagram showing static loading system. 
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Plate 5.1 
The general arrangement of the 
experimental apparatus. 
-----·---

Plate 5.2 
The experimental apparatus in the 
propagation experiment position. 
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Plate 5.3 
The experimental apparatus in the 
bed deposition position (dust and 
draught screening removed). 
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Plate 5.4. 
Detail of static loading system, 
showing the proving ring and the 
dial gauge for determination of 
the depression of the transmitter• 
Plate 5.5 
The impulse transmitter and 
receiver assemblies. 
ss 
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was fitted lrlth a stainless steel extension rod, and attached to the 
t inch rod by an adjustable clamp. lfuen the loading assembly was in 
place, the position of the gauge was adjusted so the the end of the 
extension rod rested on the upper surface of the transmitter loading 
plate. The additional static load resulting from this was negligible. 
From this_initial zero reading the position of the transmitter could 
be determined throughout the-experiment. 
The depth of granular material and the distance between the 
the impulse transmitter and receiver were determined by measuring 
between two fiducial points on the screw mechanism and the frame of the 
press using a micrometer. Repeated measurements gave values within 
± 0.1 mm (± 0.3 % of the minimum bed depth used in the experiments). 
A 2.5 cm diameter hole drilled in the base plate of the apparatus, fitted 
with a plastic stopper, facilitated the discharge of the granular material 
at the end of the experiment. From the weight and depth of material, the 
porosity of the bed could be calculated. 
A schematic diagram of the electrical apparatus is given in 
Figure 5.2 and the impulse transmitter and receiver are shown in Plate 5.5. 
Hechanical impulses of small amplitude were generated by applying a D.C. 
potential across bars of lead zirconate titanate (PZT-4, Vernitron Ltd.), 
permanently polarized in manufacture as longitudinal vibrators. PZT is a 
polycrystalline material which, when treated in this way, behaves in a 
similar manner to a piezo-electric material. The bars, or 'crystals' used 
were of 1 cm square section and of lengths to give longitudinal resonant 
frequencies from 25 kHz to 115 kHz. Applying a D.C. potential across 
opposite side faces of a crystal contained in the transmitter assembly 
caused it to oscillate temporarily at its resonant frequency, and in 
particular gave a well-defined and reproducible first cycle of oscillation. 
Technical data for PZT - 4 are given in Table 5.1. Detailed accounts of 
the piezo-electric effect may be found in Pollard (104) and Mason (150). 
The body of the transmitter was constructed from a solid 
cylindrical piece of 'Tufnol', an industrial laminate of phenolic resin 
and paper. This ,;as chosen for its electrical insulating properties, 
mechanical strength and the ability to be drilled and tapped. A section 
through the transmitter assembly is shown in Figure 5.4. 
The Ct>!ltral hole through the main piece, marginally larger 
in diameter than the diagonal of the PZT crystal face, carried the 
transmitter crystal, a cylindrical spacer of PVC (polyvinylchloride), 
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Schematic diagram of electrical apparatus 
3-component quartz -----~1 
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Figure 5.3 Iinpulse receiver assembly 
PZT-4 (Vernitron Ltd.) 
Piezo-electric ceramic bars. 
Hodified lead zirconate titanate. 
Length expanders with transverse excitation. 
Piezo-electric constant (d31 ), strain/field at constant stress. 
Transverse coupling factor (kj1) 
Elastic stiffness at constant electric 
field. 
Frequency constant of thin bar (Resonant 
frequency x length) (N1) 
Change in N1 per time decade 
Curie point 
Volume resistivity at 25 °C. 
}~imwn operating field 
}~imwn operating power 
-10 /V 
-1,23 x 10 m 
1650 Hz.m 
+ 1.5 % 
328 °C 
· .) 10 10 ohm. m 
104 V/cm 
10 W/cm3 
TABLE 5.1 Technical data for transmitter crystals. 
Kistler }-Component Quartz Force-measuring element 
7Jpe 9251A. Stainless steel, hermetically welded. 
Measuring range (external preload = 25 kN) 
Compression (+) traction (-) 
Shearing force 
Resolution 
Overload capacity 
Sensitivity : compression and traction 
shearing force 
Rigidity : compression 
shear 
Linearity 
Cross interference of components 
Insulation resistance 
Temperature coefficient 
lveight 
± 5000 N 
± 2500 N 
0,01 N 
20% 
-3.86 pC/N 
-8.00 pC/N 
1000 N/pm 
300 N/pm 
~ ;:1; 0.3 % 
(. 1.1 % 
:> 5 x 1013 ohm 
-0,02 'fo/°C 
32 g 
~1BLE 5.2 Technical data for receiver force transducer. 
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and a conpression spring to maintain good oechanical contact bet11een 
the crystal and the bottoo plate of the transmitter. \iith the 
transmitter asseobled, the spring exerted a force of approximately 
3 kg on the crystal. A PVC spacer was constructed for each ?ZT crystal, 
such that the combined length of crystal and spacer l>'as constant for 
the set of crystals. The load applied by the compression spring 1;as thus 
also constant. The spring, and one crystal and spacer are sh~;n in 
Plate 5.6 
Electrical connection to the transmitter crystal was made 
by means of two phosphor-bronze spring connectors mounted in a slot in 
the base of the transmitter body (Plate 5.7). The connectors protruded 
2 cm into the central hole of the transmitter body, and pressed against 
the silvered faces of the PZT crystal. Tue faces of the crystals and the 
connectors were cleaned 1nth carbon tetrachloride before assembly and 
whenever crystals were interchanged. The 1nres from the p~;er supply 
were directed to the spring connectors through holes and slots in the 
t~ansmitter body as shown in Figure 5.4 
The top and bottom plates of the transmitter were 3 nnn thick 
discs of Tufnol, and each was drilled to accept six equally spaced 
countersunk brass bolts, The steel loading plate was similarly fixed 
to the transmitter body by three countersunk bolts. The design of 
the transmitter made it possible to·remove and replace a PZT crystal 
without disturbing the position of the transmitter on the surface of a 
deposited bed. \vith the top plate and spring removed, the PVC spacer 
could be 1nthdrawn using a piece of adhesive tape lightly pressed onto 
its surface, and the PZT crystal extracted using a specially constructed 
pair of tongs (Plate 5.6) • 
The transmitted impulse was detected using a three-component 
piezo-electric quartz force transducer (Kistler Type 9251A), mounted on 
the base plate of the apparatus. The receiver assembly is sho1;n in 
Plate 5.5 and a sectional drawing in Figure 5.3 • This type of device 
was chosen because of its wide frequency response, high rigidity, and 
the ability to measure small dynamic f'orces irrespective of the static 
load. The three-component transducer is designed to deconpose a force 
acting in any direction into three mutually perpendicular components, 
The force to be measured acts simultaneously on sb: quartz 1Vashers, and 
results in electrostatic charges being generated which are exactly 
'12. 
Plate 5.6 
The impulse transmitter, with the top 
plate removed, and showing parts of the 
assembly - a PZT crystal, PVC spacer and 
compression spring, and the instrument for 
removing crystals from the transmitter. 
Plate 5,7 
Detail of the base of the impulse 
transmitter, with the base plate 
removed. 

::2 
~ 
<1> 
I.Jl 
• 
>I" 
H 
a 
'd 
.: 
1-' 
IJJ 
<1> 
ri-
'1 
~ 
"' ;: ~ IJl 
a 
1-'· 
<+ 
ri-
<1> 
'1 
Ill 
IJJ 
IJl 
<1> 
a 
et 
1-' 
'< 
Compression spring 
P.V.C. spacer 
P.Z.T. transmitter 
crystal 
Phosphor-bronze ~ spring contact 
////// 
" ' 
"' ~
~ ~ ;( 
\.1--- Tufnol transmitter 
body 
Mild steel 
loading plate 
///////// 
c--------------~ --------- -~ -~--------------
proportional to j;he force exerted. - T1fo washers are sensitive to 
compression only, the remaining four to_shearing forces, the sensitive 
axes of these two pairs :forming a right angle. In order to enable 
tensile as lfell as compressivc forces to be measured, and to respond to 
shearing forces, the transducer element is heavily preloaded. Technical 
data for the transducer element are given in Table 5.2 • 
The transducer element lfas separated from the base plate of 
the apparatus by two steel washers, each 1.5 lllill thick. The transducer 
. " .. . . ' . -··· 
preloading bolt was incorporated into the impulse receiver disc, which 
was turned from a solid cylindrical piece of duralumin. The area of the 
·disc :face was 10.0 cm2 and its thickness 3.0 rom, The transducer was 
preloaded by observing the output signal on the oscilloscope whilst 
tightening the nut on the underside of the base plate. 
Output signals from the receiver transducer were amplified 
using Charge Amplifiers (Kistler Type 5001) - D.C, amplifiers of very 
high impedence with capacitative negative feedback, designed to convert 
the charge from a piezo-electric transducer into a proportional output 
voltage. The upper frequency response of the amplifier lfas limited to 
180 kl~ by a low-pass filter. Calibration factor settings on the 
amplifiers enabled the output to be set to simple multiple values of 
the dynamic stress of the received impulse (e.g. 1 volt = 100 Nm-2). 
lihen all three components from the transducer were being displayed, it 
was necessary to amplify the signal from one component using an earlier 
model of charge amplifier (Kistler Type 566). In this case, the dynamic 
stress was calculated from the transducer sensitivity (pCb/N) and the 
amplifier output setting (mV/pCb). 
The amplified signals from the receiver transducer lfere 
displayed on a four-channel storage oscilloscope (Tektronix Ltd., Type 
564B), and a single sweep of this was triggered using the D.C. potential 
applied to the transmitter crystal. Values of the propagation were 
obtained from the display using a 9 cm by 7 cm transparent graticule, 
divided into 1 nnn squares, produced photographically from precision 
graph paper. The graticule l~S hand-held against the oscilloscope 
screen, and using it the dimensions of stored traces could be read to 
the nearest 0,5 mm. By adjusting the time base and gain settings of 
the oscilloscope to give traces of large dimensions (usually-at least 
50 nnn), readings of travel time and peak stress could be made l>ith a 
precision close to ± 1 % . A permanent record of traces of the 
received impulses 1ms obtained on 35 mm filn using the arrangement 
Plate 5.8 
The storage oscilloscope, showing 
the arrangement for photographing 
traces. 
Plate 5.9 
An example of a photographed trace 
of a received impulse. 

shown in Plate 5,8 , The photographs were labelled for identification 
using the display of a pocket electronic calculator. An example of a 
photographed trace is shown in Plate 5,9 
The method of deposition adopted was designed to enable 
evenly deposited and consistent beds of granular material of a range of 
depths to be prepared under known and reproducible conditions. In view 
of the results of the preliminary experiments and the findings of the 
literature review, the need for vibration or tapping as a means of 
compaction was to be avoided, The resulting system is shown in Plate 5,3 
and Figure 5,5, Granular material was discharged from a hopper, the 
orifice of which could be varied by means of a set of interchangeable 
discs, each drilled with a different diameter hole, The material fell 
a known distance and was dispersed across the surface of a 20,3 cm 
diameter sieve by impact with a 2.5 cm diameter disc fixed to its surface, 
The face of the disc was 0,5 cm above the surface of the sieve. 
The sieve mesh (2 mm) was large enough to allow free passage of the 
material 1{hilst serving to further distribute it. A second sieve of 
equal mesh size, a kno1m distance below the first, completed the 
distribution of the granular material, which then fell a final measured 
distance into the stainless steel cylinder, 
The claraps by 1{hich the hopper and' sieves were attached to the 
t inch diameter vertical steel rod, enabled their positions relative to 
the cylinder to be varied. Aligmtent of the system was achieved using a 
plumb line. As indicated in Figure 5.5, the apparatus 1ms shielded 
during deposition to contain any dust generated and exclude draughts, 
'17 
~-------~ ---- -----
Hopper 
Intercilangeai>le 
orifice waaUer 
Dispersing .Use 
2= mesh sieves 
Stainless steel ---
cyli!!der 
----
Gard cylinder 
and plastic 
sheeting to 
~elude draughts 
and contain dust 
Impulse receiver 
assemJly 
---Base plate ::....::::::, __ .~...~._.o=-, 
Figure 5.5 Schematic diagram of deposition system 
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5.2 Expcrioental Procedure 
(i) PreParation of granular material 
The four size fractions of granular material used in the 
principal experiments 1;ere obtained by air-classification and sieving 
from 2 tons of Redhill 65 Sand (British Industrial Sands Ltd.) • This 
is a high silica (99.5~) sand, of sub-angular grain shape, quarried at 
Redhill, Surrey, from the L01;er Greensand geological formation. It 1ms 
supplied 1mshed, graded and heat-dried in t c1;t. paper sacks. A sieve 
analysis of Reilllill 65" sruiu is sho'lm in Figure 5·,6 • 
The sand 1;as divided into. fi11e and coarse fractions by a 
1Iosoka1;a air-classifier. Each of these fractions was then fed at 
constant rate using a vibratory feeder to an assembly of sieves in a 
Boulton continuous sieve unit. A flw diagram of the metllod is shown in 
Figure 5.7 • A single throughput of the coarser fraction produced 
experimental fractions 2 and j, The material retained by the top sieve 
had a wide size distribution and was recycled through the unit with a 
sta(!k cop.t~ining a coa~ser m~s~ sieve.. Th(l coarser mat~rial (sho1m as 
4C in Figure 5. 7) was removed, and Fractiorf 4 1;as obtained. A single 
pass of the finer material produced Fraction 1 at the pan and a fraction 
of material (sho~ as 2F in Figure 5.7) somewhat finer than Fraction 2. 
Size distributions of experimental fractions 1 to 4 are given in 
Figure 5.8,and photomicrographs in Plate 5.10 • 
The sodium chloride used in the comparative tests was 
obtained by sieving material to remove coarser grains. The silicon 
carbide material had been previously prepared for other purposes and 
was used from departmental stores. Size distributions of these materials 
are given in Figures 5.9 and 5.10, and photomicrographs in Plate 5.11 • 
(ii) Bed deposition 
· For a given material fraction, the porosity of a bed deposited 
using the system employed in the apparatus depended primarily on the 
intensity of deposition and the height of fall of the particles. The 
hopper was found to discharge material at a constant rate (in grams per 
minute) to within about 2~. The distribution of the material in the 
horizontal plane was determined by the effects of the dispersing disc 
and the ~;o 2 mm mesh sieves (Figure 5.5). Trials conducted over a range 
of distances bet1;een the hopper and top sieve, and between the sieves, 
gave the most evenly deposited beds with a 20 cm fall from the hopper 
orifice to the top sieve, and 20 cm between the sieves. It was not 
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Plate 5.10 (a) 
Photomicrograph of Redhill Sand 
Fraction 1. 
Scale: 1 cm = 180 pm • 
Plate 5.10 (b) 
Photomicrograph of Redhill Sand 
Fraction 2. 
Scale: 1 cm = 180 ym . 
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Plate ;.10 (c) 
Photomicrograph of Redhill Sand 
Fraction 3. 
Scale: 1 cm = 180 pm • 
Plate ;.10 (d) 
Photomicrograph of Redhill Sand 
Fraction l.i. 
Scale: 1 cm = 180 pm • 
IOq. 
~-· .. , 
Plate 5.11 (a) 
Photomicrograph of Silicon Carbide 
sample. 
Scale: 1 cm = 180 pm • 
Plate 5.11 (b) 
Photomicrograph of Sodium Chloride 
sample. 
Scale: 1 cm = 60 pm • 
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possible to entirely eliminate the tendency for a deeper deposit to be 
fol'Lled at the centre of tlle bed than at its circumference, but the need 
for levelling lvas limited for the deepest beds used to the order of 5 mm 
for the coarsest fraction and 20 mm for the finest. The effect was 
proportionately snaller for shallwer beds. Levelling lvas achieved by 
gently spreading l:laterial horizontally from the centre of the bed by 
hand, using the edge of a spirit level. A small additional quantity of 
material deposited after levelling provided a fresh undisturbed surface, 
It was' decided to conduct' tlnr principal' exl)i?riments' ori beds 
of the lledhill fractions depo~ited to give a low porosity for each 
fraction. As a guide to approximate values, loose packed samples of 
each fraction of sand in a graduated glass cylinder were compacted to 
limiting porosities in a laboratory device, which repeatedly dropped the 
cylinder 1 inch onto a wooden surface using a cam mechanism connected to 
an electric motor. By this method, porosities from 39,3 % for the 
coarsest to ~3. 7% for the finest fraction lvere obtained. 
It was found that the beds obtained using a lm; intensity of 
' ,. . " --- ' - . ~-
deposition (of the order o:f 2,5 g: /~m2 .'niinut~, from a' 7. 9 mm diameter 
hole), and a fall of 1 metre, were significantly more closely packed than 
those compacted by repeated bumping, except for beds of the finest 
fraction, which had an almost identical mean porosity. Though the height 
of fall did not significantly affect the resulting porosity for values 
greater than 50 cm, a value of 1 m was chosen in order to minn1ize the 
possible effects of changes in the height of fall during the deposition 
of deep beds, The above hopper and sieve settings were adopted for the 
entire sequence of propagation experiments. 
The porosity of the beds deposited during the propagation 
experiments is sholVll in Figure 5.11 as a function of bed depth (Bed depth 
= Transducer Separation + 16.0 mm). The standard deviations of porosities 
for Fractions 1 to 3 are all approximately 0,~ %. For Fraction ~ the 
standard deviation is 0.7~ %, and the porosities of beds of this fraction 
show a tendency to decrease with increasing bed depth, an effect w·hich 
may also be present to a lesser degree for Fraction 3. This porosity 
decrease may be the result of compaction of the already deposited section 
of the bed by the transmission of the kinetic energy of ne1vly arriving 
particles, the influence of which will increase with increasing particle 
size. 
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(iii) Positioning of transnitter assembly 
The trans1aitter assembly was positioned on the surface of the 
deposited granular bed with its centre vertically above the ~pulse 
receiver using a pltmb line attached to the centre of the lower deposition 
sieve, and the level of the transmitter was checked in two directions 
at right angles using a spirit level. The apparatus ,;as then positioned 
for the. propagation experiment by. sliding the base plate across the 
table of the press, and· the static loading arrangement was fitted in place. 
(iv) Variation of illiPUlse magnitude ,ath applied D.C. potential 
Calibration tests were performed to determine the variation of 
the magnitude of the generated impulse 'ath the voltage applied to a PZT 
crystal. In these tests the static load was that of the transmitter 
assembly alone (2.57 kg , or 744 Nm-2 on the surface of a deposited bed). 
P.esults are shown in Table 5,3 and Figure 5.12 for the transnitter and 
receive~ in. direct. contact, and for tbr.ee. beds of sand, Tllese showed the 
peat: rior±al: stress" of tile first cycle of the generated impulse to be 
linear '"ith applied D.C. potential, and also, that for il:Jpulses generated 
using this range of applied field, the attenuation of the impulse in the 
granular ~terial ,;as independent of the impulse magnitude. The linearity 
of· inpulse magnitude with applied potential 'vas found over the entire 
frequency range of the crystals (25 kHz to 115 kHz) and was checked at 
other values of static load during the experiments, In order to maximize 
the transducer separation for which propagation data could be obtained, 
the experiments ,;ere performed at the maxinrum setting of the D.C. po1;er 
supply (300 v). 
During the course of the. calibration tests. and other preliminary 
investigations, it ,;as found that the signals from the shear co!!!pOnents 
of the impulse receiver transducer followed the waveform of the normal 
component for much of the oscilloscope trace, at a lllUCh smaller magnitude. 
No separate shear wave arrival could be detected. As a result of this, 
shear components were not recorded during the principal experiments. It 
'"ould be possible to fit the transmitter assembly with PZT crystals 
polarized to give shear waves in a future investigation, and the 
availability of shear components would also be i!!!portant if a study of 
the spread of the propagating impulse 1;ere to be made, 
/08 
Applied D.C. Impulse magnitude (p) for given transducer 
potential separation (z, mm) 
No sand 36 56 78 
V Nm-2 Nm-2 Nm-2 Nm-2 
50 77.5 35.5 17.0 8.5 
100 15~ 68.0 36.0 17.5 
150 235 105 50.0 26.0 
200 306 138 68.0 36,0 
250 380 174 85.0 1!5.0 
300 460 205 102 55.0 
TABLE 5.3 Variation of impulse magnitude with applied D.C. potential. 
500 
300 
....... 
-3 
0 50 100 150. 200 250 300 
ApiJl:led D.C. potential (V) 
Figure 5.12 Variation of impulse magnitude with. applied potential 
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(v) Static loading effects 
(a) Depression of transmitter resulting from application 
of static load to bed 
\iith the transmitter and static loading assembly in position, 
but with no load applied from the press (static load, ll, = 1,8 !cNm-2 as a 
result of the weight of the assembly), the dial gauge was positioned and 
clamped so that the end of its extension rod was in contact with the 
upper surface of the loading plate. Raving ensured that at least 5 mm 
travel remained on the gauge, the scale was set to zero in this position. 
On cycling the static load to its maximum value (52.6 kNm-2) 
and back to the minimum (1.8 kNm-2), and recording the vertical motion 
of the loading plate as shown by the dial gauge, it was found that the 
depression of the transmitter (h) with static load (;Y) was made up of 
reversible and irreversible components. Data from load cycling tests 
on beds of Fractions 2 to ~ are sh~in in Table 5.~ • For Fraction 1, 
data available for load cycles 5 and 6 from the main experimental sequence 
show values somewhat higher than for Fraction 2 (See Tables A 1,1, A 2,1, 
A 3.1; Appendix A). On repeating the loading cycle, the irreversible 
component diminished from a value of up to 2000 pm for the first cycle to 
a value normally between 20 and 60 pm per loading cycle after 5 cycles, 
depending on the size fraction and bed depth, Further irreversible 
depression continued at about this rate for additional load cycles. The 
magnitude of the reversible component increased slightly during the first 
few loading cycles, but then maintained an almost constant value for each 
bed. 
(b) Influence of load cycling on propar,ation data 
Values of the travel time and magnitude of received impulses 
~ere found to depend not only on the magnitude of the static load, but also 
on the number of load cycles to which the bed had been subjected, and on 
whether the measurements were taken during the loading or unloading half 
of a load cycle. Examples are sh~in in Figures 5.13 and 5.1~. 
For load cycle 1 (Figure 5.13), the· impulse magnitude(p) shows 
no close relationship to the applied load (11), particularly for li increasing, 
and the values of p for a given value of 11 differ widely for the two parts 
of the loading cycle. For load cycle 6, values of p for the loading and 
unloading parts of the cycle at a given static load are considerably 
closer, but still significantly different. For decreasing load, a good 
correlation exists bet1veen log p and log lv f~r W = 52.6 kl~-2to 3.2 kMu-2, 
in this case. 
f/0 
Load Fraction 2 Bed Fraction 3 Bed Fraction 4 Bed 
Cycle z = 98,1 nnn z = 80,0 nnn z = 57,7 nnn 
Depression (h) at Depression (h) at Depression (h) at 
w (kNm-2) = w (kNm-2) = V (kNm""2) = 
52.6 1,80 52.6 1.80 52.6 1,80 
pm pm pm pm pm pm 
1 925 795 835 685 320 180 
2 1055 885 900 750 370 220 
3 1110 940 940 790 405 245 
4 1160 990 975 815 420 260 
5 1205 1030 1005 84,5 440 280 
6 1240 1065 1030 865 450 290 
7 1270 1095 1055 885 470 310 
8 1295 1120 1070 905 505 360 
9 1320 1150 1090 920 515 370 
10 1345 1170 1105 935 530 370 
Table 5.4 Depression of transmitter at maximum and minimum 
static loads during repeated load cycling. 
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The influence on the travel time of the impulse (Fi,;;ure 5.11±) 
was less marked, but values for increasing W deviate from the good 
correlation ;;hich exists bet1;een log ta and log 11 for decreasing load. 
The deviation from this relationship for the tlio highest static loads 
was almost ab;ays present, and is discussed further in Chapter 6. 
As a result of these investigations of bed compaction and 
load cycling effects, it 1ms decided to prepare deposited beds for the 
propagation experiments by subjecting them_ to five load cycles before 
impulse transmission, and to record propagation- data at decreasing· 
values of static load on load cycle 6. 
(vi) Stability of prepared beds 
In order to determine the stability and reproducibility of 
the propagation data from beds of granular material deposited and 
prepared in the manner described above, tests were performed in which data 
were obtained from the sane bed over a period of up to 48 hours from 
deposition. The effect of interchanging transmitter. crystals, which 
involved removing and replacing the static loading assembly ( but not 
the transmitter assembly itself), was also investigated. EXamples of 
the results of these tests are given in Tables 5.5 and 5.6 , 
The data in Table 5.5, obtained on two consecutive days, 
sho1;ed that the variation of travel time (ta) with static load (rl), was 
reproducible, and unaffected by time, load cycling, or change of 
transmitter crystal. 
The impulse magnitude (p) showed similar reproducibility with 
load cycling (Table 5.6), but a slight increase when the bed 1ms left 
overnight. The impulse magnitude was stable so long as the transmitter 
crystal 1ms left undisturbed, and the removal and replace1aent of a 
particular crystal usually resulted in only slight variations in 
magnitude. However, changes of up to 20 % in the impulse magnitude did 
sometimes occur on such occasions, probably as a result of slight 
variations in the contact of the crystal and the bottom plate of the 
transmitter, or the presence of fine dust. Because of the possibility 
of such variations in transmitter output, the same crystal 1r.1s used 
undisturbed throughout any given propagation experiment on a series 
of deposited beds, 
'----------------------------- -- --
Load Crystal Travel time of impulse, ta (p.s) 
Cycle Frequency for static load W (kNm-2) = 
kHz 52.6 30,0 17.0 10,0 5.60 3.20 1,80 
6 35 125 135 1!!7 160 185 195 217 
7 55 127 135 150 160 180 200 222 
8 75 125 135 1!!7 167 183 200 220 
Next day 
9 115 127 135 150 165 180 200 220 
10 25 127 1!!0 150 160 182 200 220 
11 35 125 135 150 165 183 198 222 
12 !!5 127 135 . 1!!7 165 177 198 220 
13 55 125 135 150 162 180 200 220 
1!! !!5 127 135 1!!7 165 177 198 220 
15 55 125 135 150 162 180 200 220 
16 75 125 135 151 165 182 200 22!) 
Table 5,5 Stability of travel time of impulse with crystal 
interchange and experiment duration. 
115 
Load Magnitude of received impulse, p, (Nm-2) 
for static load, W, (kNID-2) = Cycle 
52.6 30,0 17,0 10,0 5.60 3.20 1,80 
6 230 211 190 160 11!5 125 115 
7 230 215 195 167 145 130 115 
8 232 215 187 170 150 125 115 
9 245 227 220 200 160 140 125 
Next day 
Table 5,6 Stability of received impulse magnitude with 
load cycling and experiment duration. 
Experimental Size fraction Resonant frequency of 
tables and of sand transmitter crystal 
figures 
(Appendix A) (kHz) 
A8 3 35 
A9 3 55 
A10 3 75 
A11 3 115 
A7 3 25 
A13 4 55 
A5 2 55 
A2 1 55 
A12 4 35 
A4 2 35 
A1 1 35 
A3 1 75 
A6 2 75 
A14 4 75 
Table 5,7 Chronological order of principal experiments. 
(vii) Final experimental procedure 
As a result of the above investigations, the follmring 
procedure 1vas adopted for the propagation experiments: 
1. 1ieigh required amount of granular material for bed. 
2. Position impulse receiver, base plate and stainless steel cylinder 
centrally beneath the bottom deposition sieve using the pllllllb line. 
3. Attach dust and draught sheeting and deposit bed. 
4. Remove sheeting, and carefully level bed surface as necessary by 
horizontal spreading 1nth spirit level. 
5. Deposit a further small quantity of material to give a fresh surface. 
6. Position transmitter assembly using plumb line and spirit level. 
7. Re-position base plate in propagation experiment position. 
8. Fit static loading assembly. 
9.· Adjust and zero transmitter depression gauge. 
10. Determine bed depth by measuring be~;een fiducial points. 
11. Increase static load (ii) to ma::timum (52.6 k..'<m-2) and return to 
ll1i.nimul:t (1.80 kNm-2) five times. 
12. lieco;a: d~pressio~ o:f traristllitter\ (li,). 
13. Increase li to 52.6 kNm-2, and record li and h from dial gauges. 
14. Transmit impulse, and record travel times of arrival (ta), first 
peak (t:P) and positive peak of second cycle of oscillation (ts), 
and magmtiicte of' first peak (:P)' from oscilloscope. Check values 
lrith second impulse. 
15. ll.educe static load to next value and repeat. measurement of hand li, 
and step 14. Repeat for series of values of lf (13 values in all). 
16. Remove transmitter and static loading assembly. 
17. Discharge bed through hole in base plate, and weigh granular material, 
18. Repeat steps 1 to 17 for a series of beds of different depths. 
The propagation experiments are listed in chronological order in Table 5,7 , 
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CHAPrER 6 EXPERIMENTAL RESULTS AND DISCUSSION. 
6.1 Introduction. 
The principal experimental data were obtained by following 
the procedure described in Chapter 5 and summarized in Section 5.2.(vii), 
for fourteen combinations of transmitter crystal and particle size 
fraction. The data obtained in this way are presented in full in 
Tables A1.1 to A14.1 in Appendix A. 
In these tables, z refers to the distance between the 
upper face of the impulse receiver disc and the lower face of the 
transmitter, determined immediately after placing the transmitter and 
static loading assembly. The depression of the transmitter, h, is 
measured from a setting of zero at this point. The depression h5 
is that recorded after five static loading cycles, and the propagation 
data shown for each bed are those for decreasing static load on the 
sixth loading cycle. For each value of static load, W, the arrival 
time of the transmitted impulse, ta' time of first peak, tp' time of 
positive peak of second cycle of oscillation, t , and the magnitude of 
s 
the first peak, p, were obtained from a stored oscilloscope trace as 
described in Chapter 5 and illustrated in Figure 6.1.1 • 
Missing values of t or t in the tables, indicated by p s 
a dash (-), reflect changes in the waveform of the received impulse 
under certain conditions, characterised by the fusing of the first 
two cycles of oscillation into a single cycle. This effect is shown 
in Plates 6.1 and 6.2, which show typical sequences of traces of the 
received impulse at decreasing static loads, at constant oscilloscope 
time base and gain settings. Phenomena related to the change in 
waveform also influence the magnitude of the received impulse, and 
values of p marked with an asterisk (*) lie outside the lower limit 
of correlation of p and W. These effects are discussed in Section 6.3 • 
In the following presentation of each of the elements of 
the experimental results, the treatment of the data is described in 
detail using the results from one experiment, which also serve to 
illustrate the common features of the results. This is followed by 
a comparative analysis and discussion. 
~-----------t8.------------l 
1----- tp.-----1 
·Figure 6.1.1 
. ~ -·. 
p 
Measurements of impulse propagation data 
from storage oscilloscope trace of 
receiver force transducer output. 
Plate .6_.1 
Series of oscilloscope traces of 
received impulses at given values 
of static load (w). 
Redhill Sand Fraction 3. 
35 kHz Crystal. 
Transducer separation, 95 n_nn •. 
Scale: I 100 Nm-2 0.1 ms 
30.0 
10.0 
5.60 
1.80 
12.0 

Plate 6.2 
Series of oscilloscope traces of 
received impulses at given values 
of static load (W). 
Redhill Sand Fraction 3. 
55 kHz Crystal. 
Transducer separation, 95 mm. 
Scale: I 100 Nm-2 0,1 ms 
52.6 
30.0 
17.0 
10,0 
5.60 
3.20 
1.80 
12.1 

6,2 Velocity of propagation of impulse. 
The data of Table A6.1 for t versus W are plotted 
a 
logarithmically in Figure 6.2.1 • Except at the two greatest static 
loads, the data for each bed are well-represented by a power law of 
the form: 
log ta = log tal - r log W 
or 6.2.1 
in which the erponent,(-r),and the value of ta at W = 1 kNm-2, tal, 
are constants for each bed. Values of r and tal for each bed were 
determined by least squares linear regression of log t versus log W 
a 
using an electronic calculator (Texas Instruments SR-51A) with this 
facility. The results are shown in Table A6,2 .(Appendix A) 
The correlation coefficient, indicating the degree of fit 
of the data to the power law, has a typical value of 0.998 • (A value 
of 1 indicates an exact correlation; zero indicates a complete absence 
of correlation.) This degree of correlation for the relationship between 
t and W is shown throughout the experimental results (Figures A1,1 to 
a 
A1IJ,.1, Appendix A). 
Data for travel times at the two highest static loads were 
omitted from the linear regression in all cases, as these were found to 
deviate from the power law in most cases, in a consistent manner. It is 
very unlikely that this indicates an upper limit on the applicability 
of this relationship, but rather is a result of the change from 
increasing to decreasing static load. Hysteresis in the .relationship 
between ta and W has been described in Section 5.2.(v)(b) and shown in 
Figure 5.1/j, • The analysis of the behaviour of a single contact 
discussed in Section 3.6. (ii) (b) reveals an abrupt change in the 
tangential.compliance at this point (compare in particular equations 
3.6.19 and 3.6.22), and a related effect may be responsible for the 
deviation from the power law in the present observations. 
The velocity of propagation of the impulse at a given 
static load, W, was next obtained by determining the relationship 
between travel time, ta' and transducer separation, z, This relationship 
is shown graphically in Figure 6,2,2 for three static loads. The values 
of ta used were calculated from the power law for each bed, in order to 
smooth the experimental data and increase the precision of each point. 
It is seen that the relationship between t and z is linear, and that 
a 
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~I Figure 6.2.2 Travel time of impulse versus transducer separation. 
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• 
the slope of the line, representing the inverse of the velocity of 
propagation of the impulse in the bed, decreases with increasing static 
load •. 
None of the lines in Figure 6,2,2 passes through the 
origin. This reflects two factors. First, the method of triggering 
the oscilloscope with the D.C. signal supplied to the transmitter crystal 
results in a small, constant but indeterminate lack of synchronisation 
between the generation of the impulse and the start of the sweep of the 
oscilloscope. In addition, ta includes the time of transmission of the 
impulse through parts of the transmitter and receiver assemblies, 
Second, the observations support the existence of a region close to the 
transmitter and/or receiver in which, due to packing and load distribution 
effects, the velocity of propagation is higher than in the bulk bed. 
This was described in Section ).5.(i)(b), in connection with the work 
of Wyllie, Gregory and Gardner (H3). The linear relationship between 
ta and z for beds greater than about )0 mm· in depth shows that the 
extent of this latter effect is constant for a given static load regardless 
of the bed depth. The lines of travel time versus transducer separation 
in Figure 6.2,2 appear to have a common point of intersection. This was 
confirmed by calculating the point of intersection of a number of pairs 
of lines. For example, in the case of Size Fraction 3 and 35kHz Crystal, 
29 pai»s of lines yielded a mean point of intersection at z = 17,0 mm, 
ta = 21,8 ~s • The standard deviation for z was 0,80 mm; that for ta 
was 2,4. JlS , The above eff.ects are therefore also independent of 
static load, 
The velocity of propagation of the impulse at a given static 
load lo'BS obtained by linear regression of ta versus z, and by repeating 
the procedure for each value of W, a series of values of velocity was 
obtained, These are given in Table A6.2, and a graph of impulse velocity 
versus static load is shown in Figure 6.2.3 The data are seen to be 
correlated well by a power law relationship of the form: 
b 
v =A. W 6,2,2 
in which v is the impulse velocity at a given static load, W, 
A is the velocity at W = 1 kNm-2 
and b is the pressure exponent of velocity, 
For the set of data under consideration, the correlation is: 
V = 221 W 0,186 
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Particle Crystal 
Size Frequency 
Fraction (k:Hz) 
1 35 
1 55 
1 75 
2 35 
2 55 
2 75 
3 25 
3 35 
-
3 55 w 
0 3 75 
3 115 
4 35 
4 55 
4 75 
Mean Ambient Relative A Pressure Exponent Velocity a~ 
Porosity Temperature Humidity w = 1 kNm- mean of Velocity (%) (oc) (%) (A) (ms-1) 
43.8 17.5 
43.9 20.5 
43.5 20.5 
41.5 18.5 
41.7 27.0 
41.2 19.5 
37.8 20.0 
37.9 16,0 
37.8 16.5 
37.6 21.0 
)7.8 19.5 
36.0 18,0 
36.5 22.0 
36.0 19.5 
1lable 6.1 
67 221 
48 203 213.3 
59 216 
62 218 
41 216 218.3 
47 221 
34 226 
50 228 
39 241 230.0 
30 232 
37 223 
61 225 
44 241 232.3 
55 231 
Velocity of propagation of impulse; 
summary of data. 
(b) 
0,159 
0.175 
0.173 
0.191 
0,188 
0.186 
0,190 
0.192 
0,186 
0,204. 
0,202 
0,207 
0,220 
0,201 
b 
mean 
0.169 
0.188 
0,195 
0,209 
The above procedure has been repeated for the data from 
each of the principal experiments. Graphs of ta versus z are shown in 
Figures A1.3 to A1q.3, and impulse velocity as a function of static load 
is given in Tables A1.2 to Alq.2 • Graphs of impulse velocity versus 
static load are shown in Figures 6.2.q to 6.2.6, and the values of 
A and b (equation 6.2.2) are summarized in Table 6.1 • 
The high degree of fit of the data to the power law is 
shown in the Figures to be maintained throughout the results. Values 
of A vary from 203 to 2q1 ms-1 over the series of experiments. Values 
of b are in the range 0.159 to 0.220 , that is, from a little below 
the 1/6 th power dependence of Hertz Contact Theory to a value somewhat 
above 1/5 • 
No·variation of impulse velocity or power dependence with 
crystal frequency, ambient temperature or relative humidity is evident, 
but both A and b are seen to be related to the particle size fraction 
used. This is shown most clearly by the values of .Amean and bmean in 
Table 6.1, which increase with increasing particle size fraction. 
The statistical significance of these variations was 
estimated using the •student' t-test, on the Null aypothesis that the 
data for each particle size fraction had been drawn from the same 
population. If this hypothesis was discredited at 5% confidence limits, 
a significant difference was taken to exist. The results of the tests 
are shown in Table 6.2 • 
Comparison of Results from Values of Values 
Particle Size Fractions: A b 
1 and 2 N. ll. 
1 and 3 y y 
1 and It y y 
2 and 3 y N 
2 and q y y 
3 and q N N 
y·= significant difference to 5%' confidence limits. 
N = no significant difference to 5% confidence limits. 
Table 6.2 Velocity of propagation; results of t-tests 
for significance of variations. 
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It seems reasonable to conclude that the observed trends in the values 
of A and bare significant. As noted in Section 5.2.(ii), the main 
experiments were all performed on beds deposited to give a low porosity 
for each particle size fraction, within the constraints of the method 
of bed deposition and preparation, i.e. no vibration or significant 
mechanical compaction. As a result of this, as shown in Table 6.1, 
the mean porosity of the deposited beds 
with increasing particle size fraction. 
given in Tables A1.2 to Al4.2). 
for each experiment decreases 
(The full porosity data are 
A logarithmic plot of the mean porosity of the deposited 
beds of each size fraction versus the reciprocal of the mean particle 
size of the size fraction is shown in Figure 6,2.7 • This is the method 
of plotting of Arakawa and Suito (1), as described in Section 3.2 • 
For each particle size fraction, the mean particle size, ~ , was 
calculated from the sieve analysis, using the relationship: 
27. d) 
dwrn= 6.2.3 
in which w is the weight of material retained on a given sieve 
and d is the mid-point between the aperture of the sieve in 
question and the next larger sieve used. 
For the range of particle size used, the porosity of the deposited 
beds is reasonably well represented by the relationship: 
Porosity (%) = 30.4 
in which dwm is in millimetres. 
( !.. ) 0,17 
dwrn 6.2.4 
In addition to the relationship between deposited bed 
porosity and particle size fraction, the particle size distributions 
of the four size fractions are not identical. In particular, the rati'o 
of maximum to minimum particle diameter decreases from approximately 
3:1 for size fraction 1 to about 2:1 for size fraction 4. The 
experimental results therefore include the effects of changes in the 
packing of the deposited beds and in co-ordination number distribution, 
as well as in the absolute particle size. The relative significance 
of these variables cannot be ascertained directly from the principal 
data summarized in Table 6.1 1 since there are, for example, no 
discernable relationships between A or b and bed porosity within each 
particle size fraction, and no co-ordination number distribution 
measurements have been attempted. 
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Figure 6,2,7 Porosity of deposited beds as a function 
of the mean particle size of a given 
size fraction. 
However, some limited velocity data have been obtained 
for four beds of particle size fraction 3, deposited at different 
porosities. By varying the intensity of deposition and height of fall, 
as described in Section 5.2.(ii), deposited beds with porosities of 
37.8%, 40,8% and 42,1% were obtained, A porosity of 43.0% was achieved 
by depositing the sand from the hopper directly into the experimental 
vessel without the dispersing disc and sieves, and then carefully 
levelling the resulting cone of sand, This latter bed is likely to 
be subject to greater inhomogeneities than those prepared using the 
normal method. The experimental procedure followed was the same as 
for each bed in the principal experiments, except that data were 
obtained at just four values of static load. 
The main limitation of these data is that they relate 
to single beds, and therefore .cannot be used to yield impulse velocities 
directly, because of the matters raised earlier in the discussion of 
Figure 6.2.2 , However, using the common point of intersection of the 
lines of travel time versus transducer separation as the origin, and 
assuming this point to be independent of porosity for the given size 
fraction, impulse velocities have been calculated. These are plotted 
against static load in Figure 6.2.8, and the resulting values of A 
and b are given in Table 6.3 • 
Bed Porosity A b 
(%) 
37.8 
40.8 
42,1 
43.0 
(ms-1) 
222 
208 
160 
176 
0,197 
0,192 
0,222 
0,208 
Table 6.3 Impulse velocity versus bed porosity; 
Size Fraction 3, 35 kHz Crystal. 
Whilst caution needs to be exercised in drawing conclusions from these 
limited results, they suggest that the value of A is strongly dependent 
on the bed porosity, This confirms the results of previous investigators 
and theoretical expectations regarding the effect of the number of point 
contacts per particle, The slight tendency of b to increase with 
increasing porosity is of more doubtful significance, since, with only 
four data points for each bed, the exponent is sensitive to variations 
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Fie;ure 6.2,8 Impulse velocity versus static load 
for beds of different porosities. 
in individual observations. The tendency shown may simply represent a 
somewhat greater scatter in the results than is shown in the principal 
experimental data. Further series of full experiments at different 
porosities are needed to quantify these matters, but it seems likely 
that the variation of velocity (Amean) with particle size fraction 
shown in Table 6.1 may be accounted for principally in terms of 
phenomena related to the change in bed porosity. A graph of Amean 
versus porosity is given in Figure 6.2.9. 
The variation of the pressure exponent, bmean , cannot 
be accounted for in terms of the change in porosity. The exponent, b, 
has not, to the present author's knowledge, been previously reported 
to vary with particle size, or with porosity or related packing effects. 
No such variation is predicted by contact theory, in which the exponent 
is related only to the geometry of the individual particle-particle 
contacts. This matter, together with others relating to the phenomena 
discussed in this Section, will be considered further in Chapter 7• 
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6.3 Attenuation of Impulse. 
The data of Table A6.1 for the magnitude of the first 
peak of the received impulse, p, versus static load, W, are plotted 
logarithmically in Figure 6.3.1 • For the two most shallow beds, 
(1 and 2), the results are well-represented, for the entire range of 
W, by a power law of the form: 
-2 
where p1 , the extrapolated !alue of p at W = 1 kNm , and y, the 
exponent, are constants for each bed. 
For the remaining beds (3 to 7), the power law applies for static 
loads greater than a certain limiting value, which increases with 
increasing transducer separation. Values of the constants in equation 
6.3.1 were obtained for each bed by least squares linear regression of 
log p versus log W. The results are given in Table A6.2, together with 
the lower limit of W for correlation in each case. The degree of fit 
may be indicated by the fact that for Beds 1 and 5, the best and least 
well correlated sets of data in this experiment, the correlation 
coefficients are 0.999 and 0.991 respectively. These values are typical 
of the data as a whole, which are plotted in Figures Al.2 to Alq.2 • 
The resulting values of the power law constants are given in Tables Al.2 
to Alq.2, and in each case the lower limit of correlation is shown. 
In the experiment performed using the 25 kHz crystal, the 
power law was obeyed over the entire range of static load and transducer 
separation (Table A7.2). In all other cases a pattern similar to that 
shown in Figure 6.3.1 is followed, in which the lower limit of power 
law correlation occurs at a value of static load, W . , which increases 
m1n 
with transducer separation. The value of W . is not related in any 
m1n . 
simple manner to particle size fraction, crystal frequency and transducer 
separation. However, it may be noted that the rate of increase of Wmin 
with transducer separation is greater for higher than for lower 
frequency crystals. The transition at the lower limit of power law 
correlation is associated with the change in shape of the impulse 
shown in Plates 6.1 and 6.2, in which the first two cycles of oscillation 
become fused into a single cycle. 
It is believed that the breakdown of the power law 
dependence is a consequence of the tangential slip at the interparticle 
contacts which occurs as the impulse propagates through the bed. The 
magnitude of slip increases with decreasing static load, and is also 
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related to the contact radius and the rate of dynamic loading. Under 
certain conditions of low static load and/or high rate of dynamic loading, 
gross sliding over the entire surface of the contact may also occur. 
('Slip' and 'sliding' are defined fin Section 3.6.(ii)(b) ). Combined 
with the distribution of contact loads which inevitably occurs in all 
except regular arrays of particles, slip and sliding both result in a 
change of shape of the impulse, the extent of which is cumulative with 
distance. The rate of change increases with decreasing static load, and 
beyond a certain point, the lvaveform of the impulse is radically altered, 
and the power law relationship breaks down. Outside the range of power 
law dependence, the magnitude of the received impulse var:Les in a 
somewhat erratic manner with static load. 
This phenomenon will be discussed further in Section 6.4 • 
The remaining part of this section will discuss the attenuation of the 
impulse in the regime in which the power law of equation 6.3.1 is obeyed, 
Figure 6,3.2 shows the magnitude of the received impulse, p, 
plotted against transducer separation, z, for four values of static load, 
W. As in the case of the determination of the velocity of propagation, 
the data of Table A6.1 were not used directly. Instead, the values of 
p were computed from the power law constants in Table A6.2, in order to 
smooth the data and increase the precision of each point. 
It is seen from Figure 6,3.2 that the magnitude of the 
received impulse decays exponentially with transducer separation at 
constant static load. The slope of each line, -k, represents the rate 
O·f attenuation of the impulse at the given static load. The relationship 
of received impulse magnitude and transducer separation at constant static 
load is of the form: 
-kz p=Fe 
in which k is the distance attenuation factor, 
and F is the extrapolated value of p at z = 0. 
It may be seen that the slope of the lines in Figure 6.3.2 varies with 
static load. Values of k and F have been obtained by linear regression 
for all experimental values of static load, lv, at which the power law 
relationship of equation 6.3.1 applies for the whole series of beds 
(1 to 7), i.e. 10 kNm-2 to 52.6 kNm-2. The results are given in Table 
A6.2, and show that the value of k ranges from 21.1 m-1 at 10 kNm-2 to 
17,5 m-1 at 52.6 kNm-2, 
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The form of the variation of the attenuation factor, k, 
with static load, W, is shown in Figure 6,3,3, in which the data are 
seen to be well described by an equation of the form: 
k = k1 + q log W 
in which k1 is the value of k extrapolated 
-2 to lv = 1 kNm 
andq is the slope of the line. 
For the data in Figure 6.3.3, the correlation is: 
k = 26,02 - 2.15 log W 
(An alternative method of correlation, plotting log k versus log W, 
resulted in the points lying on a curve.) 
The procedure described above has been repeated for the data 
from all the principal experiments. Figures A1,q to A!q,q show the 
variation of the magnitude of the received impulse with transducer 
separation at different static loads. While some scatter is evident 
in these results, the degree of correlation is generally good, The most 
striking feature is the variation in the magnitude and direction of the 
static load dependence of the attenuation factor, k. This may be seen 
by comparing, for example, Figures A2.q, Aq,q and A13,q, In Figure A2.q, 
k decreases strongly with increasing W; in Figure Aq,q, k shows little 
variation with W, and in Figure A13,q, k increases with increasing W. 
The static load dependence of the attenuation factor is well 
described by a relationship of the form of equation 6.3.3 for all the 
principal experiments. Values of the attenuation factor, k, as a function 
of static load, W, together with the constants of equation 6.3,3 are given 
for each series of beds in Tables A1.2 to A1q.2, and for convenience of 
-2 comparison, the values of k for lv > 3.2 kNm , and the slope of the 
static load dependence of k are summarized in Table 6,q These data are 
shown graphically in Figures 6.3,q to 6.3.10 Figures 6.3,q to 6.3.6 
show the attenuation factor, k as a function of static load, W, for the 
four particle size fractions, at a given impulse crystal frequency. 
Conversely, Figures 6.3.7 to 6.3.10 show the same data at different 
impulse crystal frequencies, for a given particle size fraction. 
This latter group of figures shows that, in general, the 
absolute value of k at a given value of W increases with increasing 
crystal frequency. The intercept, k1, also increases with increasing 
crystal 
115kHz 
frequency, 
Crystals. 
except for the experiments on Size Fraction 3, 75 and 
The relationship of the absolute value of k at a 
given value of li to the particle size fraction is complicated due to the 
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Particle 
Size 
Fraction 
1 
1 
1 
2 
2 
2 
J 
3 
3 
3 
J 
4 
4 
4 
Crystal 
Frequency 
(kHz) 
35 
55 
75 
35 
55 
75 
25 
35 
55 
75 
115 
35 
.5.5 
75 
Attenuation of 
4,20 5.60 7.40 
17.14 
' 
26,04 24.80 
14.76 
11.38 11.44 11,46 
14.09 14.03 13.94 
15.88 15.77 
1_5.60 15.73 15.80 
18,02 
Table 6.4 
Impulse (k, m-1) for Static Load (w, kNm- 2 ) = 
10,0 13.0 17.0 22.5 30.0 4o.o 
16.72 16.33 15.97 15.55 15.12 14.67 
21.48 20,29 19.03 17.67 16.33 14.97 
23.51 22,J8 21.22 20,04 18.78 17.50 
14,65 14.60 14.54 14.45 14.J4 14,30 
16,85 16.72 16.60 16,45 
21.07 20,46 19.97 19.37 18.72 18.10 
11.51 11.50 11.54 11.61 11.62 . 11.65 
13.84 13.78 13.63 13~59 13.51 13.41 
15,62 15.49 15.39 15.35 15.10 14.99 
20,18 19.82 19.39 18.97 18.55 18,11 
18.72 18.62 18.49 18.35 18,24 
15.92 16,09 16,14 16.32 16,39 16.55 
18.35 18.58 18,84 19.10 19.38 19.64 
17.88 17.93 18,07 18.14 18.23 18.35 
Variation of attenuation of impulse with 
static load on bed; summary of data. 
52.6 
14.32 
13.69 
16.31 
14.20 
16.35 
17.48 
11.72 
13.33 
14.82 
17.73 
18.10 
16.58 
19.92 
18.42 
Slope of 
k versus 
log l{ 
-1.45 
-4.71 
-4.33 
-0,279 
-o.441 
-2.15 
0.118 
-0.308 
~o.463 
-1.49 
-o.445 
o.4o5 
0.956 
0,336 
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intersections of the various lines, as shown in Figures 6.).~ to 6.).6 • 
The value of k1, however, generally decreases with increasing particle 
size fraction. 
As was noted earlier, a striking feature of the experimental 
results is the variation in the magnitude and direction of the static 
load dependence of the attenuation factor, k. This is evidenced by the 
slope of the lines in Figures 6.:;.~ to 6.3.10, which varies with both 
crystal frequency and particle size fraction. 
Figures 6.3.4. to 6.).6 sho1; that the magnitude of the 
negative slope of the static load dependence of k decreases with increasing 
particle size fraction at a given crystal frequency, and that for the 
largest particle size fraction (Fraction 4.), the trend continues through 
zero to give a positive dependence of k on W. 
Figures 6.3.7 to 6.3.9 show that the negative dependence 
of the attenuation factor, k, on W becomes progressively less pronounced 
with decreasing crystal frequency, and in the case of the experiment 
using the 25kHz Crystal (Figure 6.3.9), k shows a small positive 
dependence on W, For the largest particle size fraction (Figure 6.3.10), 
the dependence is consistently positive, but the trend of the magnitude 
of the dependence with crystal frequency is uncertain. 
The results, therefore, show a strong, negative dependence 
of attenuation factor, k, on static load, W, for high crystal frequencies 
and small particle size fractions, a decrease in the magnitude of this 
dependence with decreasing crystal frequency and increasing particle 
size fraction, and a trend of transition to a positive dependence with 
large particle size fraction and low crystal frequency. 
The magnitude of the effect of static load on the attenuation 
factor may be illustrated by comparing the values of k at W = 52.6 kNm-2 
and 17.0 kNm-2 {the minimum value of W for which the power law applies 
in all the experiments). In 8 of the experiments, this change in W by 
a factor of 3 results in a change ink of less than 4.%. For practical 
· purposes, the value of k may be regarded as invariable with static load 
in these cases, for the range of W investigated in the experiments. 
The remaining experiments show greater percentage changes in k as follows: 
Size Fraction 1, 35 kHz Crystal - 10.3% 
" 
1, 55 " : - 28.1% 
" 
1, 75 11 - 23.1% 
" 
2, 75 
" 
- 12.5% 
" 
:;, 75 " - 8.6% 
" 
~,, 55 11 + 5.7% 
152. 
,--------------------------------
In addition to the variation of the attenuation factor,k, 
with static load, W, the factor F (the extrapolated value of p at z = 0) 
in equation 6.3.2 is also a function of W. Two examples are given in 
Figure 6.3.11, in Which the values of F from Tables A6.2 and A12.2 are 
plotted against W. In both cases, a very good correlation exists, 
Which may be expressed as a power law of the form: 
-2 extrapolated value of F at W = 1 kNm 
6.3.~ 
in Which F1 , the 
and g , the static load exponent of F, are constants for 
each combination of particle size fraction and crystal frequency. 
The degree of correlation shown in the two examples in Figure 6,3.11 
is maintained throughout the experimental results. Values of F1 and g 
for all the principal experiments are given in Table 6.5 
It has thus been found that for each series of deposited 
beds, the data for the magnitude of the received impulse, p, correlates 
with transducer separation, z, and static load, W, through equations 
6.3.2, 6.3.3, and 6.3.~, for the range of W in Which the power law of 
equation 6.3.1 applies. These equations may be combined into a single 
relation yielding p as a function of W and z, as follows: 
-kz p = F e 6.3.2 
Substituting for k from equation 6,3,3 : 
p = F e -(k1 + q log W) z 
e-qz log W = W -qz But since 
p = F W -qz • e -k1 z 
Substituting for F from equation 6.3.~ : 
g -qz -k1 z 
p(W,z) = F1 W • W • e 
or 
(g - qz) -k1 z p(W,z) = F1 W • e 6.3.6 
The values of the constants F1 , g, q and k1 for each combination of 
particle size fraction and crystal frequency are given in Table 6.5 
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Data 
Tables 
A1 
A2 
A3 
A4 
A5 
A6 
A7 
AB 
A9 
A10 
All 
A12 
A13 
Allt 
Particle Crystal F1 g q 
Size Frequency (Nm.-2) (m-1) Fraction (kHz) 
1 35 216 0,301 -1.1t5 
1 55 lt59 0,075 ..1,,71 
1 75 225 0,170 ..1,,33 
2 35 213 0,348 -0,279 
2 55 211 0.356 -O,Itlt1 
2 75 185 0,25/t -2.15 
3 25 52/t 0,090 0,118 
3 35 411 0.241 -0.308 
.3 55 227 0.285 -O.It63 
3 75 158 0,3/t6. -1,1t9 
3 115 102 0."3 -O.Itlt5 
lt 35 231. 0,305 O,lt05 
4 55 149 0.475 0,956 
4 75 89.1 o.~to6 0.3:36 
- F W (g - qz) -k1 z p - 1 • • e 
Table 6.5 Magnitude of received impulse, p. 
Values of the factors in the 
correlation equation 6.3.6 • 
155 
k1 
(m-1) 
20.06 
32.35 
33.1t9 
15.31 
18.09 
26.02 
11.23 
H.55 
16.70 
23.62 
19.87 
15.02 
16.13 
17.10 
The correlation equation, 6.3.6, was used to generate 
values of p for the seven beds of Data Tables A6.1, for all static 
loads at which the power law applies. The results were compared with 
the original experimental data, and the percentage difference between 
the experimental, p , and correlation, p , value calculated in each 
exp corr 
case. Treating all differences as positive, the mean difference between 
p and p for the 67 data points was found to be 6.7%, with a 
corr exp 
standard deviation of 4.5%. This level of agreement is typical of the 
data as a whole. For the results of Tables A9, which show the best fit 
of the correlation, the mean difference between p and p is 3.7%, 
exp corr 
with a standard deviation of 3.1%. Conversely, the rather poorly 
correlated data of Tables A1 give a mean difference of 9.6%, and a 
standard deviation of 8.7%. 
Thus, the magnitude of the received impulse as a function 
of transducer separation and static load is well-represented by a 
relation of the form of equation 6.3.6, with the values of F1 , g, q 
and k1 appropriate to a given combination of particle size fraction and 
crystal frequency. The correlation equation will now be examined to 
see whether physical significance can be ascribed to any of its 
constituent elements, and whether any relationships can be established 
between its factors, the properties of the granular material and the 
characteristics of the impulse. 
If either, z = O, or q = k1 = 0 (i.e. either at the interface 
between the transmitter and the packed bed, or in the absence of 
attenuation), equation 6.3.6 reduces to: 
If it is assumed that the application of the D.C. potential to a 
given FZT crystal results in a displacement at the transmitter/bed 
interface which is independent of the static load, the resulting 
value of p at z = 0 will be directly proportional to an elastic modulus. 
Contact theory predicts that, for granular media, this modulus is itself 
proportional to the load on the bed raised to some power, which in the 
case of spherical particles has a value of 1/3. (See the discussion of 
equations 3.6.3 and 3.6.6 in Section 3.6.(ii)(a), and of equation 3.6.19 
in Section 3.6.(ii)(b).) The applicability of relationships of this 
kind is borne out by the adherence to the power law dependence shown 
by the results of the present investigation for the velocity of 
propagation of the impulse. It may be noted that, while considerable 
variation is shown in the value of g (Table 6.5), the mean value for 
the principal experiments is 0.293, i.e. between 1/~ and 1/3. Except 
for the series of values for size fraction 3, which increase consistently 
with increasing crystal frequency, no significant trend is evident in 
the value of g 1 either with particle size fraction or crystal frequency. 
The magnitude of F1 decreases with increasing crystal 
frequency for all the principal experiments except those using size 
fraction 1 (Table 6.5). Since the application of a given potential 
difference across a transmitter crystal produces a proportionate strain, 
the resulting displacement of the ends of the crystal is directly 
proportional to its length. The application of the same potential 
difference to bars of different resonant frequencies will therefore 
result in displacements which decrease with increasing crystal frequency, 
leading to a similar decrease in F1• 
The departures of F1 and g from the patterns suggested 
indicates that neither is independent of other factors. F1 may be 
affected by variations in the contact of the PZT crystal and the 
transmitter plate between experiments (though crystals were never 
disturbed during an experiment on a series of beds). Despite the 
care taken with the deposition and preparation of the beds, it is 
inevitable that some variations in bed packing and in the contact 
between the loading plate and the deposited bed will have occurred, 
both of which would tend to distort the values of F1 and g. 
The attenuation of the impulse is represented in the 
correlation equation by the exponents q and k1 , which derive from the 
expression for the distance attenuation factor, k, in equation 6.3.3 
Both of these factors vary with particle size fraction and crystal 
frequency, as has been discussed earlier. It is tentatively suggested 
that q, which expresses the static load dependence of k, relates 
principally to the behaviour of the individual point contacts, while 
k1 reflects the packing of the granular material, and in particular 
the average number of grain-grain contacts per particle. 
The resonant frequency of the transmitter crystal affects 
the propagation behaviour through the rise time of the propagating 
impulse, and a number of attempts have been made to correlate the 
value of q to a combination of impulse rise time and mean particle 
diameter. 
An estimate of a number-length mean particle diameter, 
dlm was made for each particle size fraction from the sieve analyses. 
ffi7 
The relative number of particles retained on each sieve, n, was 
estimated from: 
where w is the weight of material retained on the sieve 
and d is the mid-point between the aperture of this sieve 
and the next larger sieve used. 
Then ~= 
6.3.8 
This procedure was considered to be adequate for correlation purposes, 
and reasonable since the maximum ratio of particle diameters in any 
size fraction was not greater than 3:1 
given in Table 6.6 • 
The resulting values are 
The provision of an appropriate rise time for each 
combination of particle size fraction and crystal frequency was more 
difficult since, as will be shown in Section 6.4, the rise time, tr' 
varies with static load and transducer separation, as well as with 
crystal frequency. It was decided to adopt a value obtained from the 
rise time correlations, for z = 80 mm and W = 30 kNm-2, this representing 
a bed of medium depth,and a static load mid-way between the maximum 
and minimum values for which the power law applies in all experiments. 
In addition, since the rise time shows the same general trend with W and 
z in all cases, the form of any correlation would be likely to hold for 
other values. The resulting values of the rise time are given in 
Table 6.6 • 
Of various attempts at correlation, the most satisfactory 
was obtained from q versus 1/(tr Jdlm). The data are given in Table 6.6, 
and plotted in Figure 6.3.12 • The correlation coefficient is 0.944, 
and the correlation is presented as indicating a possible line of 
theoretical investigation. This will be discussed further in Chapter 7. 
No suitable mechanism has been found to account for the four cases 
in which the distance attenuation factor increases with increasing 
static load, reflected in the correlation by positive values of q 
when 1/(tr ~dlm) is less than about 0.003. 
Similar attempts have been made to correlate the values of 
k1• TriQls have been conducted using various combinations of bed 
porosity and impulse rise time, and also using estimates of the average 
co-ordination number for each size fraction (obtained from the expression 
given by Norman et al. (101), corrected to omit 'near' contacts) combined 
with the rise time. However, no combination has been found which 
/58' 
Particle 
Size 
Fraction 
1 
1 
1 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
Crystal Mean Particle Rise 1/(tr./d;m) q 
Frequency Diameter,d1 Time (nil) (kHz) (pm) m (ps) "10-3 
35 97 20,1 5.05 -1,45 
55 97 18,2 5.58 -4.71 
75 97 14,9 6.81 -4.33 
35 157 19.7 4.05 -0.279 
55 157 16,6 4.81 -0,441 
75 157 16,1 4.96 -2.15 
25 234 22.4 2,92 0,118 
35 234 21.4 3.05 -0.308 
55 234 19.5 3.35 -0,463 
75 234 17.9 3.65 -1.49 
115 234 16.3 4,01 -0.445 
35 353 19.9 2.67 0.405 
55 353 22.1 2.41 0.956 
75 353 18.7 2.85 0,336 
Table 6,6 Load dependence of impulse attenuation; 
data for the correlation of the factor, q • 
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7 
describes the variation of k1 at all adequately, and trials using the 
particle diameter/rise time combinations investigated for the correlation 
of q have not produced any better results. It may be that some other 
factor, such as particle size distribution, exerts a significant 
influence on k1 , or that its value is particularly sensitive to 
indeterminate variations in the experimental conditions. At present, 
therefore, it is possible only to state that k1 increases with increasing 
crystal frequency and decreases with increasing particle size fraction, 
the two effects being comparable in magnitude over the range of these 
parameters used in the experiments. 
It was noted in section 3.5.(ii) that for low attenuation, 
the various different measures of attenuation are inter-related. The 
relationships relevant to the experimental techniques used with granular 
media are given in equation 3.5.1, from which, in particular: 
6.3.10 
where -1 Q. is the inverse of the quality factor, 
k is the distance attenuation factor (equation 6.3.2) 
and A. is the wavelength of the vibration. 
In order to convert the values of k from the present investigation to 
Q-1 , to allow general comparison with other work, a value of the 
wavelength, A , has to be associated with each value of k, In this we 
encounter the main disadvantage of the present experimental technique, 
for while the velocity of propagation of the impulse is well-defined, 
its equivalent frequency is not. However, in order to give an estimate 
of Q-1 to indicate its order of magnitude and trends in its variation, 
the rise time of the received impuls.e has been used to supply the 
necessary equivalent frequency. Since A = v/f , where v is the 
velocity of propagation and f is the frequency of vibration, and 
designating f = 1/(4 tr) , we have: 
Q-1 kv 
= -
'ITf 
and therefore Q-1 kv 6.3.11 = 
'11'(4 \ ) 
r 
Substituting for v from equation 6.2.2, and anticipating the rise 
time correlation equation 6.4.3, we have: 
'"' L---------------------------------------------------------------------------------
= 
'tf (q.(,,+:~;r,)w'3~ 
in which c1, c2 , and c)m are constants for a given particle size fraction 
and crystal frequency. 
Re-arranging, we have: 
Q-1 
= 6.3.12 
It will be seen that in this relation, Q-l is dependent on the 
transducer separation, z, which occurs in the expression for the rise 
-1 time. Values of Q were therefore calculated for z = 80 mm, over the 
range of W for which values of k had been obtained from the experimental 
data. Examples of the results are given in Table 6.7, which shows Q-1 
. -2 6 -2 for each of the principal exper1ments at W = 17.0 kNm and 52, kNm • 
Comparison of the results with the values of k in Table 6.4 shows that 
Q-l is related to W in the same manner as k, decreasing with increasing 
W in 10 cases, and increasing with increasing W for size fraction 3, 25 
kHz crystal, and all experiments using size fraction 4, as discussed 
earlier. 
While the variation of the rise time, t , with transducer 
r 
separation, z, inherent in these estimates of Q-1 in theory gives a 
value which increases continuously with increasing z, t has a lower 
r 
limit determined by the resonant frequency of the crystal, and an 
upper limit was found in all cases, above which the power law of 
equation 6.3.1 no longer applied. In practice, therefore, the values 
of Q-1 in Table 6.7 give an overall estimate to within about~ 30- 40%. 
-1 . The absolute values of Q est1mated here are mostly higher than those 
presented in the literature review, th?ugh comparable, for example, with 
those of Hunter et al. (67). In some cases, of course, strenuous efforts 
were made in other investigations to obtain conditions of very low 
attenuation. It may also be that the use of 1/(4 t ) in the present 
r 
estimate tends to result in a somewhat inflated value. 
,,,_ 
Particle 
Size 
Fraction 
1 
1 
1 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
Crystal Q-1 Q-1 
Frequency 
(kRz) (w = no kNm - 2) (w = 52.6 kNm-2) 
35 0,154 0,141 
55 0,159 0.120 
75 0.158 0.120 
35 0.152 0.150 
55 0.146 0,141 
75 0.171 0.152 
25 0.141 0.11!5 
35 0.162 0.160 
55 0.173 0.167 
75 0.205 0.188 
115 0.173 0.167 
35 0.191 0.194 
55 0.267 0.288 
75 0.198 0.203 
Table 6.7 Attenuation of impulse; values of the inverse 
of the quality factor, Q-1 , 
6.4 Rise time of received impulse. 
The rise time of the received impulse, t , is equal to 
r 
(t - t ), as shown in Figure 6.1.1 • The values of t are considerably p a r 
less precise than the elements of the experimental data already discussed, 
due to the magnitude of t generally being small in comparison with t , 
r a 
However, it has been found possible to give an account of the variation 
of the rise time, at least in general terms. 
Examination of the experimental data shows that the rise 
time, t , varies with both static load, W, and transducer separation, z. 
r 
Figure 6,4.1 shows t plotted logarithmically against W for Beds 1,3,5 and 
r 
7 of Table A6.1 Though considerable scatter is evident, the value of 
t for each bed is reasonably described by an equation of the form: 
r 
in which trl' 
and -c3 , 
-2 the value of tr at W = 1 kNm , 
the exponent, are constants for each bed. 
6.4.1 
The data for the two highest experimental values of W are omitted, since 
they show the same consistent departure from the correlation as that for 
ta described in Section 6.2. The slope of the lines, c3 , is seen to 
vary quite considerably, though the value for Bed 5 (0.37) is exceptional, 
being in fact the highest for the whole of the principal experiments. 
The majority of the values of c3 are in the range 0,15 to 0,25 , 
A linear plot of trl versus z for the seven beds of Tables 
A6 is given in Figure 6,4,2 • The line of best fit has an equation 
of the form: 
6.4.2 
in which c1 and c2 are constants. In this case, the relationship is: 
trl = 2.4 + 0.39 z 
In order to combine equations 6.4.1 and 6.4.2, a suitable 
value of c3 is required. Since no trend of variation of c3 with z was 
evident, the arithmetic mean of the values for the seven beds, c3m' 
was used, Then we have: 
= 6.4.3 
The above procedure was repeated for all the principal experiments, 
and the results are summarized in Table 6.8 , Comparison of the 
original values of t with those predicted by equation 6.4.3 for the 
r 
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(z) (mm) 
Particle 
Size 
Fraction 
1 
1 
1 
2 
2 
2 
3 
:; 
3 
3 
3 
4 
4 
4 
Crystal c1 c2 
Frequency 
(kHz) (ps) (Jts/mm) 
35 16.2 0.20 
55 6.5 0.28 
75 o.o 0.35 
35 12.9 o.:;o 
55 7.9 0.30 
75 2.4 0.39 
25 30.3 0.14 
35 16.0 0.31 
55 12.0 0.30 
75 9.3 0.33 
115 9.2 0.30 
35 17.9 0.31 
55 11.5 0.41 
75 18.2 0.25 
Table 6.8 Rise time of received impulse, tr • 
Values of the factors in the 
correlation equation 6.4.3 • 
c3m 
0.14 
0.13 
0.18 
0.18 
0.19 
0.22 
0.18 
0.19 
0.18 
0.20 
0.21 
0.22 
0.20 
0.21 
- --~ 
data of the seven beds of Tables A6.1 gave a mean difference of 1~.2%, 
with a standard deviation of 9.5% (all differences being considered 
positive). 
The value of the intercept c1 , (Table 6.8), appears to be 
sensitive to the lack of precision and the scatter in the data. In 
general, c1 decreases with increasing crystal frequency. It is not 
known whether the tendency of c1 to increase with increasing particle 
size fraction, particularly with higher frequency crystals, is of any 
significance. 
The factor c2 indicates the rate at which the rise time 
increases with transducer separation. While showing some variation, 
c2 shows no dependence on either crystal frequency or particle size 
fraction, and most values are close to its mean of 0.30 Fs/mm • 
The exponent c3m shows a close relationship to the value 
of the velocity exponent, b, (equation 6.2.2), and would appear to be 
similarly associated with the variation of the elastic modulus of the 
bed with static load. 
It was noted, at the beginning of Section 6.3, that the 
breakdown of the power law behaviour of the magnitude of the received 
impulse, p, is associated with a change in the waveform, in which the 
first two cycles of oscillation become fused into a single cycle. 
Examination of the experimental data indicates that the change in 
waveform results principally from the increase 
and decreasing W. For the regime in which the 
of t with increasing z 
r 
power law is followed, 
the time from the first arrival to the peak of the second cycle of 
oscillation, ts - ta' is found to increase by approximately the same 
amount as the increase in t , while the value of t - t remains practically 
r s p 
constant throughout, with a magnitude related to the resonant frequency 
of the PZT crystal in use (mean values: ~6, 28, 18, 15 and 1~ fS for the 
25, 35, 55, 75 and 115 kHz crystals respectively). Near to the point 
at which the power law correlation breaks down, 
often occurs, accompanied by a significant fall 
This may be seen in Plates 6.1 and 6.2 (compare 
of the arrival above and below 10kNm-2 in Plate 
a sharp increase in tr 
in the value of t - t • 
s p 
particularly the slope 
6.2). 
In order to discover whether the lower limit of power law 
behaviour is associated with a particular magnitude of rise time, the data 
of Tables A1.1 to A1~.1 were examined, and for each bed, tr was noted for 
the lowest value of W at which the power law of equation 6.3.1 applied. 
The results are given in Table 6.9 • While the limiting values show 
Particle 
Size 
Fraction 
1 
1 
1 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
Crystal 
Frequency 
(kHz) 
35 
55 
75 
35 
55 
75 
25 
35 
55 
75 
115 
35 
55 
75 
Rise time for lowest W at 
which ~;wer la~)plies. 
z increasing ___ _,..,.._ 
22, 23, 27, 32, 30, 32, 35 
25, 20, 25, 25, 25 
20, 19, 21, 20, 20 
25, 30, 35, 35, 30 
19, 25, 26, 23, 25, 29 
20, 22, 18, 23 
29, 33, 37, 37, 40 
30, 33, 30, 35, 35 
23, 23, 24, 22, 22 
16, 17, 21, 21, 27, 27 
40, 38 
25, 31, 33, 35 
22, 27, 25, 24, 27, 27 
Mean value 
of 
limiting t 
r 
29 
24 
20 
31 
25 
21 
35 
33 
23 
22 
39 
31 
25 
Table 6.9 Limiting values of rise time of impulse 
for power law correlation of p • 
some tendency to increase with increasing transducer separation, the 
breakdown of power law behaviour appears to occur when t exceeds a 
r 
certain value, which decreases with increasing crystal frequency and 
increases with increasing particle size fraction. Since the rise time 
is a function of both static load, W, and transducer separation,z, the 
critical value is reached at increasingly higher values of W as the 
value of z is increased. 
6,5 Depression of transmitter with static load, 
The effects of static load cycling on the depression of the 
transmitter, h, were discussed earlier in Section 5.2.(v)(a). For any 
given load cycle, the variation of h was shown to consist of reversible 
and irreversible components. The latter occurs during increasing static 
load, and is greatest for the first load cycle, decreasing to a small, 
near constant value per cycle after a few further cycles. 
Values of the depression of the transmitter after 5 load 
cycles, h5, in the principal experiments vary widely, both within each 
particle size fraction, and between fractions. As shown in Tables A1,1 
to A1~.1,_ h5 tends to be higher for deeper than for shallower beds, but 
no strong trend of continuous increase with z is evident. The value of 
hS is higher for size fractions 1 and 2 than for fractions 3 and ~. 
The mean value for each of the fractions 1 to ~ is: 1790, 1580, 8~0 and 
870 pm respectively. 
It was noted in Section 5.2.(v)(a) that preliminary trials 
showed the magnitude of the reversible component of h, after the first 
few loading cycles, to be practically constant, whatever the bed depth 
or particle size fraction. This has been confirmed in the principal 
experiments. The difference between the depression of the transmitter 
at W = 52.6 kNm-2 and ~.2 kNm-2 was calculated for each bed from Tables 
A1.1 to A1~.1 , The results showed no dependence on transducer separation 
and little variation with particle size fraction, except for a slight fall 
for size fraction ~. The mean value of the difference, h52 , 6 - h~. 2 , 
and the standard deviation, for size fractions 1 to ~. are : 183, 22; 
191, 23; 182, 22; 166, 28 pm respectively. The reason for the near 
constant value of the reversible component of h is not known; it was 
thought that it would be likely to increase with increasing z. It may 
be a matter connected with the experimental method of measuring h. 
The data for h versus static load, W, for Bed 7 of Table 
A6.1 are plotted logarithmically in Figure 6.5.1 • Log h is seen to be 
directly proportional to log W for W = 52.6 to 7.~ kNm-2• At lower 
values of W, h decreases less rapidly with decreasing W. (The data are 
equally well correlated over the range W = 52.6 to 7.~ kNm-2 by h versus 
log W). The departure from the correlation at low values of \v may be 
related to the method of determining h, since the travel time data from 
the principal experiments show well-correlated variation to the lowest 
value of \1", Similarly, in view of the linearity of the data for 
t?r 
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travel time versus transducer separation, it is considered to be 
unlikely that the constancy of the reversible component of the 
transmitter depression indicates significant changes in the distribution 
of static load within the deposited beds with changing transducer 
separation. 
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6.6 Impulse propagation tests on sodi'lllll chloride and silicon 
carbide samples. 
The unavoidable deadline for the completion of the 
experimental work meant that insufficient time was available to prepare 
sufficient quantities of other granular materials and to perform full 
comparative propagation experiments. Data were obtained for two beds 
of a fraction of common salt, and for two beds of a sample of silicon 
carbide powder held in the departmental stores. The results are 
presented here. Particle size distributions of the materials are shown 
in Figures 5.9 and 5.10, and details of the deposited beds are given 
in Table 6.10 , The experimental procedure followed was identical to 
that for the principal experiments. 
Bed Transducer Porosity Depression of Transmitter 
separation of bed 
h5 h52.6 - h4.2 z 
(mm) (%) (pm) (pm) 
Sodi'lllll chloride 1 50.0 M.O 1705 145 
Sodi'lllll chloride 2 51.0 39.7 2950 200 
Silicon carbide 1 50.1 41.3 1575 130 
Silicon carbide 2 80,7 42.4 1760 165 
Table 6.10 S=mary of experimental conditions for tests on 
sodium chloride and silicon carbide samples. 
Figure 6,6.1 
The same power 
shows t versus W for the beds of sodium 
a 
chloride. dependence as that found in the principal 
experiments is indicated, but the slope of the dependence is greatly 
reduced. The power law equations for the two beds are: 
t = 0.061 w -0•024 
a 
and t = 0.068 W - 0•019 
a 
ms 
ms 
This suggests a velocity at 1 kNm-2 of roughly 800 ms-1, and a 
pressure exponent of velocity of around 1/50 
It will be seen that the travel times for the two beds 
differ significantly, even though they are of very similar depths, 
This is reflected 
in Figure 6.6.2 • 
even more markedly in the graphs of p versus W shown 
The difference may be related to the fact that this 
material behaved in a different manner from the sand and silicon carbide 
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during the preparatory loading cycles, undergoing repeated, sudden 
yielding as the value of W was increased, This may have introduced 
significant variations in packing within the beds. Some support for 
this may be found in the fact that Bed 2, which has the lower velocity 
of propagation, also shows lower values of p , Figure 6.6.2 shows 
that the power law is reasonably followed over most of the range of W. 
The relationships are: 
and 
p = 240 w 0•12 
p = 210 w 0•09 
As in the case of the velocity exponents, the load dependence of p is 
considerably less than that observed in the principal experiments on 
sand, being of the order of one-quarter of the magnitude, These 
differences reflect the significant proportion of plane-plane contacts 
in the beds of sodium chloride. 
The rise time of the impulse, tr' showed no variation 
with W for the beds of sodium chloride, and had values of 12 and 13 ps 
for Beds 1 and 2 respectively. The time (ts - tp) was also constant, 
with a value of 17 Fs for both beds. Data for the depression of the 
transmitter, given in Table 6,10, show results in the same range as those 
for the principal experiments. 
Figure 6,6,3 shows t versus W for the beds of silicon 
a 
carbide. Again, the power law behaviour is closely followed, together 
with the same small deviation from the correlation at the two highest 
values of \1". The resulting power law equations are: 
t = 0.131 w -0.145 ms a 
and t 
a = 
0.264 w -0.182 ms 
Calculations based on these two equations suggest that a rough estimate 
of the velocity of propagation would be: 
230 w 0•2 -1 ms 
This has a magnitude and load dependence within the range of the results 
from the principal experiments. 
The graphs of p versus W in Figure 6.6.4 show that the 
power law is again followed. For the two beds, the relationships are: 
p = 150 w 0,22 Nin-2 
and p = 69 w 0.28 Nin-2 
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Calculations from these results suggest a value of the distance 
-1 
attenuation factor, k, of the order of 20 m , which decreases fairly 
strongly with increasing static load. This estimate and trend are, 
however purely speculative, being based on only two beds. 
The rise time of the impulse followed the same pattern as 
that shown by the sand in the principal experiments, increasing with 
decreasing static load and with increasing transducer separation, from 
13 to 16 fS for Bed 1, and from 15 to 22 fS for Bed 2. The time (ts - tp) 
~~s virtually constant in both cases, at 17 ?s. The data for the 
depression of the transmitter, summarized in Table 6.10, are again of 
the same order as those for the principal experiments. 
These tests suggest, therefore, that the propagation 
behaviour of the rather more angular silicon carbide material is 
similar to that of the Redhill sand used in the principal experiments. 
However , sodium chloride, with its cubic crystalline structure, and 
much softer surface than the other materials, while following the 
same basic relationships, shows a much reduced dependence on the static 
load. Far more extensive experiments are, of course, required before 
more firm conclusions can be drawn. 
/~0 
CHAPrER 7 THEORY 
In Section 3.6, the literature relating to the classical 
theory of normal contact between elastic bodies, and its more recent 
development to include tangential and oblique forces, was presented 
and discussed in detail. Applications of the theory to granular 
media were also described. 
It was noted that such applications of the theory have 
mostly been restricted to analyses of the stress-strain behaviour of 
regular arrays of like spheres, or to relatively minor modifications 
of these regular packings. Only a small number of such attempts 
have been reported, and these have concentrated almost entirely on 
predictions of the velocity of propagation. Very little work has 
been published in which contact theory has been used to predict the 
wave attenuation behaviour of granular media. This may be a result 
of the uncertainty surrounding this aspect of contact theory, at the 
level of the single contact, compared with its success in predicting, 
for example, force-displacement relations. 
In the present chapter, in Sections 7.2.(i) and 7.3, 
expressions are developed which attempt to predict the velocity of 
propagation and attenuation of a small-amplitude mechanical impulse 
in a granular material modelled as a disordered packing of like 
spheres. In both cases, the analysis begins with a consideration 
of a single particle-particle contact. Various simplifying assumptions 
have to be made at certain points in order to proceed, and the 
derivations are intended to illustrate the procedure and determine 
the degree of importance of the various factors involved in obtaining 
numerical values. In each case, comparison is made between the 
predictions of the theoretical model and the experimental results 
presented in the previous chapter. 
In Section 7.2.(ii), the relationship between the static 
load exponent of the velocity of propagation and the distance function 
of the particle surfaces in the vicinity of an inter-particle contact 
is discussed. 
18{ 
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7.2.(i) Velocity of propagation of impulse. 
The analysis leading to an expression for the velocity of 
propagation of a wave or impulse in a solid begins from the consideration 
of the variation of stress across a representative element of volume. 
Consider the small rectangular parallelepiped shown in Figure 7.2.1 
Taking the force on each face to be the stress at the centre of the face 
times the area of the face, we have, for forces in the x - direction, 
a resultant: 
or 
If body forces may be neglected, then from Newton's second law of motion, 
this resultant is equal to: 
where fMis the density of the medium and u is the displacement in the 
x-direction. A similar procedure for forces in the y- and z-directions 
leads to the equations of motion: 
a er,.,. a_s~ "~" Ocl"x .. 
= e ..... a 'l."" - 1" ox a, llt. 3t'" 
'5,x + ~.,-+- oo;~ = ~ ... (lZ.'\1"' ox a_, o~ Ob ... 7.2.1 
a.,-~"' 1" c6'"~.:1 + 'd6'"* '; ~- a'"~.r 
ox. ~ di 'at'-
These equations hold, whatever the form of the stress-strain relations 
of the medium. However, their solution requires the use of particular 
stress-strain relations. 
For an elastic, isotropic solid, there are only two 
independent coefficients in the generalised form of Hooke's Law, which 
are here denoted A and r- Hooke's Law in this case reduces to 
(e.g. Kolsky (82) ) 
6'"xx = A. A 1" zr ~:,.,. 
6"~-' = A. A + 2/' f';l':l 7.2.2 
.,."M :: )..6. 1" 2rc..c 
. 
I 
where !J. = (tn+ f'' +en) is known as the dilatation. il and r- are 
Lame's constants, of which )A is the rigidity or shear modulus. 
6',.:1 
•.. .,.··' 
• 
• 
• 
Figure 7.2.1 Stresses acting on a small rectangular 
parallelepiped. (For clarity, only stresses 
in the x-direction have been labelled.) 
/'i/3 
Substituting for the stress components in equation 7.2.1, we have: 
But since, by definition: 
£,.,. = ;) .. e,., " ;} .. + 0'11" C:u : '() ...... 'd..r ~ I a, 
"" 
oi: dX 
we have (A.•r)~l1 +r(~ ()~ ;)a. .... )= dz. ... + .... r"' ax. h ... a.~'" a~· at:'-
or ( A. .. r) ~A /'V'\.._ ~ ... az. ... + = h ~t" 
and similarly (>.. •r) i)A + r v'Lv- '= ~ ... d • ..,.. 7.2.3 dj ill: .. 
(>..+r) M + r 'i7z.. w- = )Z...,-a; e ... at- ... 
These are the equations of motion for an isotropic elastic solid, in the 
absence of body forces. Two types of wave may be shown to be represented 
by these equations. Differentiating the equations with respect to x, y 
and z respectively, and adding, leads to: 
= 7.2.4 
which is the equation representing the propagation of the dilatation, ~ , 
with a velocity [(>..+2.r)/e ... ]V:z.. 
If instead, ~ is eliminated, (e.g. Kolsky (82)), we find that 
r V '2."" = f ... a" .. 
-at'" 
r v'l..r ":: ~"' ;)Z.....- 7.2.5 dt:· 
/" 'i/a.v = e .... 'd .. ..,.. ()1: ... 
which are the equations of a rotational or transverse wave in the x, y 
and z-directions respectively, propagating with a velocity (r/~ .... )'h.. 
In the case of anisotropic materials, for example crystals 
or regular packings of spheres, there is often no simple relationship 
between the direction of propagation of a wave and the direction of 
particle displacement. In general, the resulting waves are not purely 
dilatational or rotational, but some form of mixed type, except for 
particular orientations of the material. The procedure for determining 
the velocity of wave propagation in anisotropic materials is, as in 
the isotropic case, to substitute the relevant elastic relations resulting 
from an analysis of the crystal or array structure, into the equations 
of motion, 7.2.1 
In general, (Duffy (28) ) a plane wave c~ be propagated 
in the medium with a velocity, V, and wavelength ~ , if 
(I.e.~ "J 1¥) :: (A,., ~I Al: ) 
represents a solution of the equations of motion. Ax etc. are the 
rectangular components of the amplitude of the displacements, and l, ~ 
and~ are the components of a normal to the wave front •. Inserting 
equation 7.2.6 into the equations of motion leads to a set of three 
homogeneous equations, known as Christoffel's equation (Duffy (28), 
Pollard (104, p. 27) ). These have non-zero solutions only if the 
determinant of the coefficients of A is zero. Evaluation of the 
determinant results in a cubic equation in e ... y2 ' whose three roots 
correspond in general to three different velocities of propagation. 
For a given direction of propagation, three waves are possible with 
mutually perpendicular displacement vectors but with different velocities. 
These will all generally be a mixed type of wave, but for certain 
directions of propagation in a given crystal or array, one wave is 
purely dilatational and the other two are purely rotational. 
~funy polycrystalline materials behave as if they were 
isotropic, even though they are actually composed of a more or less 
random arrangement of small crystals or grains. An expression for the 
velocity of propagation of a dilatational wave will now be derived on 
the assumption that a disordered packing of granular material may 
similarly be treated as macroscopically isotropic. Differential 
stress-strain relations will be developed from a consideration of a 
single contact of two like spheres, and these will be used to obtain 
values of the appropriate coefficients for the solution of equation 7.2.q 
Some expressions previously derived for regular packings 
have been analytically rigorous, where the geometry and loading could 
be uniquely defined. No such rigour is possible in the case of a 
disordered packing, due to both information and computation limitations. 
(The philosophy of such limitations has been discussed by Vaisnys and 
Pilbeam (129)), The follmdng derivation is primarily intended, therefore, 
to illustrate the procedure, to indicate the numerous points at which 
simplifying assumptions have to be made, and to suggest the kind of 
l'l5 
assumptions which may be reasonable for computational purposes, 
The case considered is similar to that of the experiments 
reported in Chapters 5 and 6: an unbounded bed of material subject to 
a static uniaxial compression W per unit area and a superimposed dynamic 
load p per unit area in the same direction, z (Figure 7.2.2). 
The magnitude of p is taken to be small compared to W. 
i!!: 
Figure 7.2.2 Loads and co-ordinates in analysis of propagation velocity. 
Consider the contact shown in the small section of bed in Figure 7.2.3 • 
This is subject to a static load resulting from a load lv0 at the surface 
and to a resultant incremental force dG resulting from a dynamic stress 
increment dp • The force dG at the contact may be resolved into radial 
and tangential components, giving: 
dN = dG sin~ 
dT. = dG cos ,P 
7.2.7 
From Contact Theory (see Section 3.6.(ii)), the radial approach of the 
sphere centres, do( , is given by: 
do< = C dG sin ~ 7.2.8 
where C is the normal compliance of the contact. 
Similarly, the tangential displacement of the sphere centres, dd , is: 
d! = S dG cos cp 7.2.9 
where S is the tangential compliance of the contact. 
Now the direction of the resultant incremental force, dG, at a contact 
will vary according to the local geometry, but in order to proceed, we 
assume that its orientation, on average, will be in the same direction 
as dp , i.e. in the z-direction. 
Resolving the incremental displacements in the z-direction and adding, 
Figure 7.2.3 Components of force at contact in 
disordered bed of like spheres. 
1~7 
we obtain the approach of the sphere centres in the z-direction, d~~ 
dO('ll- = dac sin~ + dd cos<P 
or dac-e = C dG sin2~ + S dG cos2 rp 7.2.10 
Similarly, the approach of the sphere centres in the horizontal 
direction, do(&. , is 
. 
.. 
do(l. = da( cosp + dd sinf 
= C dG sin 1 cos tP + S dG sin {> cos{> 
do("= dG(g+s) sin2f 7.2.11 
' 
For random packing, since the angle tp is free to vary between 0 and~, 
values of dO('.c and d 01!1., are distributed accordingly. \ve assume a 
mean value of each by 
which gives 
de("~ = 
giving 
integration. Then: 
"""11 
2 
..:.G l (C sin2 ~ + S cos2 {> ) dtf 
dG (C + S) 
2 
"% 
dG (c + S) j sin 2f d; 
1T' 0 
dG (c + s) 
'TT' 
7.2.12 
7.2.13 
The incremental force, dG, at each contact will vary 
according to the local geometry, and is related to the applied incremental 
stress dp through the number of particles per unit cross-section of bed, 
and the number distribution of particle-particle contacts. Again, in 
order to proceed, we assume a mean value of dG, the same for each contact. 
The average number of particles per unit cross-section in a layer one 
particle diameter, d
5 
thick, nl , is given by: 
= 
6 (1 - 't) 
Tf" d 2 
s 
7.2.14 
where '/ is the void fraction of the bed. The increment of applied 
stress, dp, will be distributed between n( particles and (ngg/2). n{ 
contacts, where n is the mean co-ordination number. gg 
We have, therefore: 
dG = dp 
ngg 
2 
= 
d 2 
'IT s 
• dp 7.2.15 
~---------------------------------------------------------------------------
Substituting into 7.2.12 and 7.2.13: 
do(~ 
1T" J.sz. ( C + S) 
dp = b (1-1()11., 
and do(""' = 
d: ( C-t-S) dp 
3 ( 1-"t) .. ,, 
Now, from Contact Theory, for like spheres: 
c = 
(1 -v ) 
2 )"- a0 
7.2.16 
7.2.17 
where v .~ are the Poisson's ratio and shear modulus of the sphere 
material respectively, and a 0 is the radius of the contact area under a 
static normal force N0 
Also s = (2 -v) 
~r ao 
if 
(See the discussion of equation j.6.19) 
<< 1 
Substituting into 7.2.16 and 7.2.17, and rearranging, we have: 
do(..., 1T" ft"(4--3'1)) 1 
= -dp {, (1-"t)r ~' ao 7.2.18 
and dot. a. ... 
R-z. (q..- 3v) 1 
= 
dp 3 c ,_ "1) r "'' ao 
7.2.19 
where R = ds/2 , the sphere radius. 
The value of a0 is related to the normal force, N0 , at a given contact, 
resulting from the applied static load, \v0 • We assume that the stress 
distribution will take the same form for static as for dynamic loading. 
Hence the normal force N0 will be related to the static resultant force, 
Go, by: 
N = G sin ,1. 
0 0 '1' 7.2.20 
G
0 
is related to the static load W0 in the same manner as dG was related 
to dp. Hence: 
Go = 
and No = 
or NO = 
4-v rf2. W. 
3 ( I - 'lt} "" 
Go sin ~f'tl\ J 
2 .fi rr Rz. 'Wo 
3 (I - '7. ) "'-" 
7.2.21 
sin 1- = sin ~5° .[2 = 2 
7.2.22 
Now, from Contact Theory, 
= [ 3{t-.J)t< N. 
S.r 
Substituting from 7.2.22 and rearranging: 
Substituting for a0 in 7.2.18 and 7.2.19 we have 
Rz (4--3v) 
3 (t-'7.) r r;, 
7.2.23 
7.2.2~ 
7.2.25 
The mean incremental approach, dO(~ and dt(1 .. ,, , is related to the 
mean incremental strain, d~ and d£,..., , by: 
where RJ2: is the mean vertical and mean horizontal separation of the 
sphere centres. Substituting in 7.2.2~ and 7.2.25 and rearranging: 
= 
7.2.26 
7.2.27 
We need to relate dE~o... to de,.,.. and df~,.. • This again will be a 
'dil"" dp dp 
distributed function according to orientation. lve take a mean position 
defined by: 
= d£~ ... 
dp ~I£. dp 2 = 
/"fO 
Hence: 
7.2.28 
Now, the Poisson's ratio of the bed, Vbed' is given by 
'V bed E.,.,.. 
(4--3-.>) b ./i. (I-"!.) 
= = ~"' (,(1-l) -rr(lf--.3v) 
. Y bed J1.. 0.450 .. = = 
"Tr 
7.2.29 
For an isotropic solid, for stress in the z-direction, from 7.2.2: 
ilr 
dp = A. (de,.... -~- de, .. +- J ~.J + lr JtG"' 
or ). ( J(,.,.. + d£:1., + de_) + 2r cl_§.oo = 
<A,. Jr df et,.. 
Now A and r are related by: 
1._ = l v~o~J 
P.. I - 2v1 .. ..t 
which, from 7.2.29 leads to 
A. 
-= 9.0 
r-
Hence '\ ( .le_ ~ !! ~4....) = 1 I\ dp + Jp + <t Jp 
or A. = 1 1 = x say. 
7.2.30 
7.2.31 
( .l€':v-+ J€'1"' +.!!. c!§..) 
dp dp ~~ . ~ 
In order to obtain the velocity of propagation, v~ , we need ~{~+~)/f~]l. 
Now { 0.+2/')J~ ~}r'l-
~"' l'tr:. X 
From 7.2.26 and 7.2.28, we have: 
X [
2(fl.-3v) 11Tr(lf.-3v)_7[ lf.(t-"{) ]~ 
= (,(1-'1{) + 't.fi. 6(t-7[5}£rli/' .. ~~ (1-v)W0 
= (tt.fi. + fl-rr)(lf-3-v) r ~(!-'>() 137.2.34 
-s-q.. .fi ( ,_ ·o L.;,.li _,.. .. "'~ (t-v) w, 
Hence == 11 . -: .. .rz. (t-'() -rr./2. ",z. 1--v) w.J'h 
'f e .... (1V.(2. + ll.r}(lf-3v) lf. (1 -"'{) j 
• 
Now (18 .[2 + 11,- ) = 60.01 ~ 60 
and e .. = (1 - 't ) (s where fs is the density of the sphere material. 
and finally, 
The velocity of propagation estimated by the above 
procedure is independent of particle size, and varies with the material 
properties t'• , /'" and v , with the properties of the assembly 
represented by n and "'l. , and with the applied static load, W0 • 
a ~( )~ 
The velocity is proportional to _,.... I-'ll in terms of the 
{~t--3.;)'1~ fs '/'-
material properties. Of these, the predicted velocity is most sensitive 
to the material density, slightly less so to the shear modulus, and 
fairly insensitive to the Poisson1 s ratio of the material. The estimate 
of velocity is not very sensitive to the material packing, as represented 
by- ~/(1- 'l)%. This factor varies from 2.0 for values of ngg and 
representative of a simple cubic packing, to 2,4 for those for a hexagonal 
close packed array. Finally, the velocity varies with the 1/6th power 
of the static load, this value resulting from the use of the Hertz 
relation for the radius of the area of contact. 
Equation 7.2.35 has been used to estimate the velocity 
of a dilatational wave in beds of sand, and the results compared with 
those obtaine~ in the principal experiments. 
Taking r 3.09 K 1010 -2 = Nm 
~ = 0,16 
(• = 2.65 x103 kg m-3 
and the mean co-ordination numbers and porosities for each of the size 
fractions 1 to 4 to be 
nggl = 5.0 "1(1 = 0.437 
ngg2 = 5.5 '12 = 0.415 
n gg3 = 6.4 t3 = 0.378 
n gg4 = 6.9 l4 = 0.362 
1'12. 
The values of ngg constitute the greatest uncertainty; these values 
were estimated from the expression of Norman et al. (101), corrected 
to exclude nea~ contacts. 
The resulting expressions for the velocity, for each of 
the size fractions 1 to ~ are: 
238 w 1/6 -1 v1 = m s 
2~~ w 1/6 -1 v2 = m s 
254 ,., 1/6 -1 v3 = 111 s 
259 \'{ 1/6 -1 v4 = m s 
Each of the resulting estimates is between 10 and 12~ greater than the 
corresponding experimental value (see Table 6.1), and the variation 
with particle size fraction follows the observed pattern quite closely. 
At a higher static load (50 kNm-2), the variation of the exponent, b, 
with particle size fraction means that, while the predicted values of 
velocity are still higher than the experimental values for Fraction 1 
and 2, the reverse is true for Fractions 3 and 4. The percentage 
differences, however, are again 10% or less. 
It is likely that the measure of agreement shown between 
the predicted and experimental velocities is to some extent coincidental, 
and unlikely that the expression derived above will predict velocities 
with similar accuracy in general. Among- the most crucial factors in 
any such expression is the value of the static load exponent, b, and 
it is to the relationship of this exponent to the contact geometry 
that we now turn. 
l't3 
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7.2. (ii) Static load exponent of velocity. 
The static load exponent of velocity, b, (equation 6.2.2) 
arises in the expression in Contact Theory for the radius of the area 
of contact. This radius, and hence the normal and tangential compliances 
of the contact, varies with the normal load on the contact raised to some 
power, whose value is equal to 2b. In Section 3.6.(ii)(a) of the 
literature review, the analysis of the contact problem for normal forces 
was introduced, and its solution in a number of cases was presented. 
The solution of the general equation of contact, 3.6.1, was given for a 
distance function of the second degree in equations 3.6.2 to 3.6.6, and 
for a number of other cases in which the assumption of a second degree 
surface was relaxed to a greater or lesser extent in equations 3.6.7 
to 3.6.14 • 
In the present section, the procedure for the analysis of 
the problem will be considered in more detail. The assumptions of the 
first paragraph of Section 3.6.(ii)(a) will again be made, with the 
exception that points in the vicinity of the contact area will not 
initially be assumed to lie on a surface of the second degree. The 
following discussion makes considerable use of the accounts of the 
effects of loads on the boundary Qf semi-infinite elastic solids given 
by Love (85, Chapter VIII) and Timoshenko and Goodier (126, Chapter 13). 
------~~~~~~~--~.---~ ~ : 
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Figure 7.2.4 Two particles in contact. 
Consider the two particles in contact shown in Figure 7.2.4 • In the 
absence of pressure between the particles, contact exists only at the 
point 0 If a compressive force, N, is applied in the z-direction, the 
particles will deform locally around the point of contact, resulting in a 
small contact surface. If, as is assumed, the dimensions of this contact 
surface are small in comparison with the radii of curvature of the 
particles in the vicinity of the contact, results obtained from the 
analysis of the effects of normal loads on the plane surface of semi-
infinite elastic solids can be used. Let w1 be the displacement of 
A on the z-axis, due to local deformation, and w2 similarly be the 
displacement of B on the same axis. Then, assuming that the plane Ox 
remains fixed during compression, any two points on the z-axis distant 
from 0 'rill approach each other by an amollllt et. , and the distance between 
points A and B will diminish by o( - (w1 + w2) • If the points A and 
B come inside the contact surface as a result of the local compression 
then: 
= =- z(:r,y) 
Thus, for any point on the contact surface: 
b(- z(x,y) 7.2.36 
An expression for the local deformations is obtained using the results 
of analyses performed by Boussinesq. For a load, P, acting at a point 
on the boundary of a semi-infinite solid (as shown in Figure 7.2.5), he 
found, inter alia, the displacement of points on the boundary plane 
(z = 0), in the z-direction, wz=O , to be: 
w z=O 
-· P (1 - v ) 
2"1T r r 
where r ' \) are the shear modulus and Poisson Is ratio of the solid. 
p 
Figure 7.2.5 Load acting at a point on the surface 
of a semi-infinite elastic solid, 
• 
The solution for the case in which the compressive force is distributed 
in some manner over an area of the boundary of the solid is obtained 
essentially by using the principle of superposition, in which the force 
is considered to be composed of an infinite number of concentrated loads, 
each acting on an infinitesimal element of area, and the total 
displacement is obtained by summing the resulting displacements by 
integration over the total area of application of the force. 
1'15 
Let ( 5 , ~ , 0) be any point on the boundary plane, 6" ( ~ , "£ ) 
the load per unit area at this point, and r 1 the distance of a point 
(x,y,z) within the body from the point ( ~ , l, 0). Hertz (59) defined 
the distribution of the load in terms of several potentials, and from 
these, determined the displacements at any point on the surface of the 
body. In particular, he found: 
:.hrr w = z=O 
{1- -v) 
7.2.38 
e-{t 1[) .d J'l. 
" 
where ~ = Jf is the ordinary or inverse 
potential of the distribution G" (~ , '7. ). This result applies for any 
distribution of load applied to an area of arbitrary shape. On the 
assumption that the dimensions of the contact area are small compared 
to the principal radii. of curvature of the undeformed bodies in the 
vicinity of the contact, the above result is applied to the particles 
in contact. 
The load, N, is distributed over the contact 
compressive pressure cr(S,'t). At the COIIlJllOn surface: 
w1 = 
(1-v12 
-· 
~ p 
J. 'If' JAc 
w2 = 
(I- ,;,_) 
= 
&;_rp 
J. ., r~-
Hence, from 7.2.36, we have: 
= 0( - z(x,y) 
which is the same as equation 3.6.1 
at the initial point of contact, 0. 
area as a 
7.2.40 
In order to solve the equation for a given distance function 
z(x,y), Hertz determined the form of the potential, tj> , which satisfied 
the condition: 
= 
and the condition that 6"(x,y) = 0 on the edge of the contact region. 
For the second degree distance function z(x,y) = A x2 + B y2, Hertz 
found that these conditions were met by a potential of the form of a 
homogeneous ellipsoid, of semi-axes a and b, giving: 
L-------------------------------------------------------------- --------------------
= 
3N :l J,. (1 - ~ - I l 7.2.41 
..... b'" 
The equation of the contact problem, 7.2,q0 then becomes: 
W :l 1 Ill (8;+~:1).3tJJ(1-l 't ) d't' :0<-A...~-t," 
-;;: 0 a!-~tp - b"+ I{' fl"-.. '"tf)(l. .. + lf'J]'Iz. 
where ~ = Jf «1" ( ~ , 'If ) r 1 d S d "l , the direct potential. 7. 2. tr2. 
Since this equation must hold for all values of 3 and "t within the 
contact area, Hertz obtained: 
00 
o< = f-N (b,+~d J JI/J 
0 [(Q.'"+tfl){b'-+ !/') cp{"z. 
A = 3 N (~+ &2.) J~ df/) 4 
11 (o.Lr<fl/h. f~h·<f}lf'jYl-
B 3 N (~ + S."J.) foO Jl/1 = 4 (i,:L+ if/' .. J {a. .. +lf} '1']11. 
0 
Since A and Bare known from the geometry of the bodies, equations 
7.2.qq and 7.2,q5 determine a and b, and 7,2,q3 then gives oC • 
Values of the integrals are obtained by reducing the above to standard 
elliptic integral forms, and consulting tables (e.g. llancock (1q8), 
Peirce (151)). Hertz's results are: 
a = m [ ~:- N ( &; ~~J J/1 
T (A+ B) 
[ 
3 tJ(Sj+{),_)J~ 
b = n lf-rr ( A:+f?>) j 
The factors m and n depend on the ratio (B- A)/(B +A), and values are 
given in a Table by Hertz. The approach of the bodies, C(, is 
_g_ 
proportional to N3 ; its magnitude depends on the ratio of the principal 
radii of curvature of the bodies and on the eccentricity of the elliptical 
contact surface. 
In general, then, the solution of the contact problem 
involves matching a potential function of the normal stress distribution 
to the distance function appropriate to the geometry of the contact and 
the boundary condition at the edge of the contact region. There is 
scope for further examination of this problem in terms of the various 
1"11 
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contact geometries encountered in granular media. The formidable 
analytical difficulties might be alleviated by numerical techniques, 
given the power of modern digital computers. In some cases, the 
restriction on the magnitude of the curvature of the bodies in the 
region of the contact might be maintained; in others it will be 
necessary to abandon this restriction and consider the problem from 
some other premise, though in many such cases it will be possible 
to treat one of the bodies as a plane. 
Considerable numbers of papers have been published, 
especially in the Russian literature, describing theoretical analyses 
of contact problems, particularly that of rigid punches of various 
shapes acting on an elastic half-space. Much of this work is presented 
in a book by the Russian author A. I. Lur'e (149). Specific solutions 
of the contact problem are often difficult to extract, but taken 
together with the investigations described in Chapter 3, the relationship 
between the distance function and the static load variation of the 
velocity of propagation would seem to show the following trend: 
z(r) o< r5/2 ) V o< .;/7 
Hertz (59) z(r) o< 2 > ~ .;/6 r V 
Steuermann (119) z(r) ~ r3/2 ) Vo< .;Is 
Conway (19) z(r) oc:: r > vo< \.(-/4, (small angle cone) 
z(r) o< Mrl/2 + Nr3/2 )' voc:: W "" 1/3 to 1/2 
(M <<N) 
The more rapidly the contact radius varies with static load, the greater 
the value of the exponent,b. In practice, the range of static load 
for which a high value of b can be maintained will be limited by the 
finite size of the individual particles, due to the fact that except 
for spherical particles, no distance function can hold over the entire 
surface. Beyond this limiting point, the velocity will increase less 
rapidly with increasing static load. 
As reported in Chapter 6, the exponent b was consistently 
found to increase with increasing particle size fraction. It is 
possible that the particles in the larger size fractions*have somewhat 
different average shape characteristics from those of the smaller 
fractions, though no obvious differences are apparent from an examination 
under the microscope. Another, possibly more likely explanation of the 
l"tf1 
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variation in the exponent, b, is that the larger particles have more 
energy during the processofdeposition, and are more often able to 
pack in a preferred orientation. Elongated particles have been found 
to show a pronounced tendency to be deposited with their long axis 
horizontal (Gerrard and Morgan (41), see Section 3.3). For an impulse 
propagating vertically, this would increase the proportion of contacts 
with a low power distance function and hence lead to an increase in 
the value of the exponent,b. Further investigation into the preferred 
orientations of particles in beds deposited by pluvial compaction, and 
an examination of distance functions resulting from such preferred 
orientations will be needed to test this speculative hypothesis. 
7.3 Attenuation of impulse. 
A variety of mechanisms may contribute to the attenuation of 
a propagating wave or impulse in a solid material, depending in particular 
on the temperature and the frequency of vibration. Discussions of the 
phenomena involved, and the limitations of present understanding, have 
been given by, among others, Bhatia (147), Kolsky (82) and Pollard (104). 
In the case at present under consideration - wave propagation in granular 
media at ambient temperatures and relatively low frequencies, the 
conversion of vibrational to thermal energy at the interparticle contacts 
is taken to be the controlling mechanism. Scattering and reflection 
mechanisms will also be present, but their contribution is likely to be 
negligible at the frequencies of the present investigation. At higher 
frequencies, when the wavelength of the vibration tends to the same 
order of magnitude as the grain diameter, scattering mechanisms have been 
found, in the case of metallic polycrystals, to contribute to the 
attenuation according to the fourth power of the frequency. This is 
referred to as Rayleigh scattering, by analogy to the phenomenon of the 
scattering of light by small particles, the theory of which was developed 
by Lord Rayleigh. 
For the conversion of vibrational to thermal energy, a phase 
lag exists between the stress and strain components of the vibration. 
For a wave travelling in the z-direction, the phase lag between the 
stress,~, and the corresponding strain, ~· may be expressed (Bhatia (147)): 
where 1f( (c. cJ ) is a 
.iJLI .IJJ'' 
and m and m are 
, , (1H. + i.ift ) fl!-
complex stiffness modulus 
real. 
The tangent of the angle, 1( , by which the strain lags the stress: 
tan Y = ffl" 
1ft' 7.3.2 
Far a plane harmonic wave, the velocity, v, and attenuation per 
'\ ./JA I oMI 11 
wavelength, k~, are related to ~~ and 7" by: 
le t 1K' 'IJl· { I - ( ;;;;i } 
= {I +- { z!b_t"J e ... 
7.3.3 
I#'' 211'7. (~!:.l,) 
= f ... [ 1 + (z~'AYJ:z. 
2.00 
------
( kA)2 41 If, as is normally the case for solids, for dilatational waves z.:n= !'::: 
(typically 0.001 in the present experiments), then: 
M' 
= r ... '1}- 1. 
tu,, = f-'~~""1- ( ~) 
Combining 7.J.q and 
tan '( = 
For the vibrating specimen, let 
and fa, = £'eo cos ( c.l t - 0 ) 
and assume that "( is independent of the strain amplitude. 
Since the work done in producing an incremental strain dE~ is er"' de" , 
the energy lost from the vibration in one stress cycle, ~V, is: 
~V 
:z,rf.,l 
= J ~ (~}.Lt- = 7f" sin ¥ ( ~. ~) 
0 
The maximum energy of vibration in the cycle, V, is equal to the 
elastic (potential) energy at maximum strain, and is given by: 
1 V = 2(~ -~.) 
If tan'(<< 1, sin '6' !:C tan '( and: 
tan "a' ~ 1 llv 2ii- v 
and from 7.).5: 
A.v 2 kl v = 7.3.10 
For a plane wave, the energy density, Vp, is related to its velocity,v , 
and intensity,!, (Bhatia (1q7, p. 272)) by: 
I = 
:2.o( 
For an element of solid of unit cross-section and thickness dz along 
the direction of propagation, z, the rate of energy dissipation is 
given by the difference between the intensity of the wave entering the 
element and the intensity of the wave leaving the element, or : 
Rat f d . . t. . ( dl ) d · · e o energy 1ss1pa J.on = - . dZ · · z . 7. j.12 
Now, we find experimentally that the magnitude of a propagating 
oscillation is given by: 
and since 
Hence 
p = Po e -kz 
2 I 0( p , we have: 
-2kz 
e 
-2kz 
== 2 k I
0 
e 
= 2 k I 
The rate of energy dissipation in the element is therefore, from 7.3.12: 
- (~) dz = 2 k I dz dz 
= 2kV'Pvdz 
since I= V v p 
Replacing the velocity, v, by Af, where A. is the wavelength and f the 
frequency, and dividing by f to obtain the energy loss per cycle, .Av, 
we have: 
- 2 k A VP dz 
or ~V = 2kA.v 7.3.15 
which is the same result as that obtained from the phase lag between 
stress and strain (eq. 7.3.10). \i'e will now attempt to relate this 
general result to the attenuation of an impulse in a bed of granular 
material, through a consideration of the behaviour of a single 
particle-particle contact. 
Consider a single contact between two like spheres, such 
as that shown in Figure 3.6.1 (Chapter 3), subject to a constant normal 
load, N. A dynamic tangential force, T, is then applied, increasing 
initially from zero to T = T*, and resulting in the force-displacement 
path OP in Figure 3.6.2 This increase in tangential loading to the 
first positive peak. load is taken to correspond to the impulse whose 
behaviour is the subject of the present investigation. 
A simplified form of the load-displacement diagram for 
this first increase in tangential loading is shown in Figure 7.3.1 • 
T 
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Figure 7.3.1 Simplified load-displacement diagram for initial 
tangential loading of a particle-particle contact. 
The path OB represents the load-displacement relation for elastic, 
no-slip behaviour; the relation for the slip case is given, to a 
first approximation, by the line OC. 
The work done, Vs, in traversing the path OC is given by: 
V 
s = 
T* Js* 
2 
Similarly, the work done in traversing OB, VN, is given by: 
= 
While all the work done along OB contributes to the potential energy 
of the system, this is not true for OC, where some is dissipated. 
The ener~dissipated by slip is given, to a first approximation, by 
the area OCD minus the area OBE, or: 
L----------------------------------------------------- -----------
* '* = T ds 
2 
* 
* r* T dN 
2 
or, the energy dissipated, 6. V = ; (Ss* - SS ) 7.3.16 
If we now abandon the simplifying assumption that path OC in Figure 
7~3.1 is a straight line, we find, more generally that: 
IJ. V = 
&t s! J T d!s- ST d.f,. 
= 
or 0 .,.. J T df, dT J T d.f., dT dT dT 
0 0 
-rl'-
f!. V = J T d{ S, - i.,~ dT dT 7.3.17 
0 
From the relationships in Section 3.6.(ii)(b), equations 3.6.17 
and 3.6.19, we obtain: 
and 
or ~s = 
( J.-~ ) T 4-r-a. 
1 
2 
2 
2 
Evaluation of the integral in equation 7.3.17 was performed graphically 
I *· using equations 7.3.18 and 7.3.19, for various values of T fN and T 
* It was found that whatever values of T/fN and T were employed, the 
resulting value of h V was always close to: 
* 
.t 4 T ( r* r * 
.aV = 3' • 2 ds - ON) 7.3.20 
that is, 4/3 times the value given by the simplified expression of 
equation 7.3.16. 
If the tangential loading of this single contact may be 
considered in isolation as part of a 1vave propagation process, the 
energy in, V. , is given by: 
~n 
2oq.. 
V. 
~n 
* r* 
= ! ds 
2 
and from 7.3.20, the energy transmitted, Vout' is: 
* T C* 
vout = 2 ds 
which reduces to: 
- ~) 
From 7.3.18 and 7.3.19 we have: 
s: 2 ('~"') 
"ff = J [I- (I- (ryfN))Zf'lJ 
Valu;s of r.:(f/ and V0u/Vin are given in Table 7.1 
of T /fN. 
7.3.21 
7.3.23 
as a function 
For a single contact under tangential loading, the analysis predicts 
that the proportion of energy transmitted by the contact varies from 
* a value tending to 100% as T /fN tends to zero, to 55.6% when the 
contact is on the point of undergoing gross sliding. 
* T 
fN 
0.0001 
0.001 
0,01 
0.1 
0.2 
0.3 
0.4 
0.5 
0,6 
0.7 
0.8 
0.9 
1.0 
s.t 
Ss* 
0.999983 
0.99983 
0,9983 
0,9828 
0.9646 
0.9541 
0,9239 
0,9008 
0,8751 
0,8456 
0.8105 
0,7648 
0,6667 
V 
out 
V in 
0.999978 
0.99978 
0,9978 
0.977 
0.953 
0,927 
0,899 
0,868 
0,833 
0.794 
0,747 
0,686 
0,556 
Table 7.1 Energy loss for tangential loading of a single contact • 
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We may now proceed to an illustrative estimate of the 
attenuation of an impulse in a granular medium, by considering the 
disordered bed of like spheres discussed in Section 7.2.(1). The 
remarks made there regarding the limitations and simplifications 
involved in the procedure apply equally here. 
An impulse propagating through the bed will produce a 
dynamic oblique loading at each contact, at an angle to the line of 
centres which will vary according to the orientation of the contact 
to the direction of propagation. If we assume that the impulse is 
small compared to the static load on the bed, the normal load at the 
contacts may be considered to be unchanged, and the interaction of the 
impulse with the contact treated in terms of its normal and tangential 
0 components. For an average angle of orientation of 45 , half the 
energy of the impulse will be transmitted by normal interaction without 
loss; the tangential interaction of the remainder will be subject to 
loss according to equation 7.3.22 • Hence, in this case: 
V. V. 4 6 N 1 V 1U 1n ( ) = T + T 3 ~ s 3 out 
which leads to 
V. ( 2 h V 1n + 1 ) 7.3.24 = T out ~s 
Now, the energy, V, is proportional to the square of the impulse 
magnitude, p, in the direction of propagation. Hence, for the contact: 
(say) 
Following the analysis of Section 7.2.(i), it may be shown that, for 
this 'average' contact: 
* 
....!._ = _L 
fN
0 
f\f
0 
* where T is the peak tangential force, f the coefficient of friction and 
N0 the static normal force on the contact; p is the impulse magnitude 
and W0 the static load on the bed. 
Hence, the value of ~ for a contact may be obtained for given values 
of the applied static load, impulse magnitude and coefficient of friction. 
1C is shown as a function of T*/fN0 in Figure 7.3.2 (T*/fN0 equal for 
all contacts). 
\Ye now consider the propagation process, to a first 
approximation, as a series of interactions of the impulse and inter-
particle contacts in the direction of propagation, in which the value 
of Pout from one contact is used to calculate a new value of p/fW0 and 
hence of X: for the next contact. If this is repeated 6(1 -7() 
TT dp 
times per unit distance of propagation, where ~ is the bed porosity 
and dp is the particle diameter, the decay of the impulse with distance 
is obtained. This procedure was performed on a digital computer, and 
resulted in estimates of impulse attenuation about an order of magnitude 
smaller than those obtained in the principal experiments. 
The above application of )C to impulse propagation in a 
bed of particles involved the assumption that the static load is 
evenly distributed, and each inter-particle contact is equally loaded. 
In the case of the velocity of propagation analysis, it was possible 
to make this assumption, on the ground that the variation in contact 
loads which 1iill inevitably occur in a disordered array, would average 
out over the large numbers of contacts involved in the propagation 
process. However, this cannot so readily be assumed in the case of 
impulse attenuation, because of the nature of the energy loss function 
for each contact. The effect of a distribution of contact loads will 
be to increase the overall energy loss, compared to the case in which 
the static load is equally divided among the contacts. 
To illustrate this, a simple distribution of contact loads 
was generated around a mean value, Nom• by means of the relations: 
and 
where r is a random number between 0 and 1. 
For a given value of r, the values of the ratio r*/fN0 were calculated 
(assuming values ofT*, f and Nam), and a value of ~ obtained in 
each case from equation 7.3.25. The calculation was limited, in the 
case of loads obtained from 7.3.27, to values of T*/fN0 ' 1 • 
Loads which resulted in the ratio being greater than unity were 
ignored, and the mean value adjusted accordingly. The resulting 
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0 
(equation 7.1.25) 
distribution of contact loads was therefore in the range 2N0m to 
the point of gross sliding. 
The distribution was generated using a digital computer, 
for 500 random numbers, r, at a given value of Nom• and the average 
value of " for distributed load at the given mean value of T*/fN0 
was calculated. This procedure was 
and the results are shown in Figure 
repeated for various values of N , 
om 
7.3.2 (T*/fN0 distributed about 
given mean value). It is seen that the energy loss is significantly 
greater than that predicted from the use of the mean load on each 
contact. If a wider distribution were used, and the effects of gross 
sliding at verY lightly loaded contacts included, the effect would be 
even greater. 
It was found that the relationship between the mean value 
of 'X for distributed load and T* /fN0 was well-represented by the 
relation: 
log e X = - 0,0683 ( T* ) 0.819 fN0 7.3.28 
and using this relation, the decay of an impulse was calculated by the 
iterative method described earlier, for a static load and impulse 
magnitude within the range investigated in the principal experiments 
(W = 30 kNm-2 , Pz=O = 400 Nm-2, f = 0.5 ). The results are shown in 
Figure 7.}.3, for spheres equivalent to the mean particle size of the 
four size fractions of sand investigated experimentally. Discrete 
points have been plotted at six values of distance propagated 
(equivalent to transducer separation) to allow comparison with the 
experimental results. 
The amplitude-dependent nature of equation 7.3.28 means 
that each set of points in Figure 7.3.3 lies on a curve. However, 
to permit comparison ;;ith the experimental results, a line of best 
fit has been calculated by linear regression, according to the relation: 
-kz p = F e 6.3.2 
For this particular case, the resulting values of k for beds equivalent 
to Size·Fractions 1 to 4 are: 11.2, 9.1, 8.4, 6.8 m-1 respectively. 
Whilst these values are somewhat low, they are of the same order of 
magnitude as those found experimentally. The deviation from linearity 
due to amplitude-dependence is not pronounced except for the smaller 
particle sizes. Amplitude-dependence of attenuation was not observed 
in the principal experiments, but the decay curves shown in Figure 7,3,3 
400 
300 
'"'"'200 
"' I 
= z 
'-' 
~ 
~ 
~ 
" 
'= 
ZlOO 
•M 
0 
00 
"' ::;; 
"" 
70 
"' ...;
0 
0. 
2 ,_. 
'0 
50 
"' > 
'M 40 Q 
0 
Q) 
a: 
0 20 
Figure 7·'3·'3 
Size Fraction: 
4o 60 80 lOO 120 
Transducer Separation (z) 
RecE>ived Impulse Magnitude versus 
Transducer Separation. 
Estimate from energy loss model. 
:uo 
4 
2 
0 
1 
140 
(mm) 
might suggest that this relatively small effect would be masked by the 
scatter in the experimental results. Further experiments at higher 
impulse magnitudes and a greater range of transducer separation should 
clarify this matter. 
The simple model of impulse attenuation presented above 
thus predicts an attenuation coefficient of the same order of magnitude 
as the experimentally determined values. However, the model conflicts 
with the observed phenomena in two particular ways. First, it predicts 
an attenuation factor, k, which decreases with increasing particle size. 
Second, the form of the model indicates a strong dependence of k on the 
static load, W, in which k invariably decreases with increasing \i. 
As reported in Chapter 6, the experimental values of k do not show a 
general trend of decreasing with increasing particle size fraction, 
and the static load dependence of attenuation varies both in magnitude 
and direction. This latter effect will, however, influence any particle 
size dependence of k. ~vo observations may therefore be made: 
(i) In the correlation equation 6.3.6, the value of the coefficient 
k1 does invariably decrease with increasing particle size fraction 
at a given crystal frequency, in accordance with the above theoretical 
model. 
(ii) In the discussion of equation 6.3.6, it was found that the 
load dependence coefficient, q, could best be correlated with 1/(trJdlm) 
(Figure 6.3.12), in which tr is the rise time of the impulse, and 
dlm is the number-length mean particle diameter. 
It is suggested that the principal deficiency of the model 
lies in the fact that the rate of loading is not included in the force-
displacement relations on which the model is based. Further theoretical 
and experimental investigation of the behaviour of a single contact is 
needed to provide relations in which the rate of loading is included. 
In this connection, the correlation equation 6.3.6 and the loading 
correlation (Figure 6.3.12) might provide some insight into the possible 
form of these relations. Further investigation is also needed into the 
instances of positive dependence of attenuation on static load, which 
fit the loading correlation, but for which no account of the mechanisms 
involved can at present be given. 
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CHAPTER 8 CONCLUSIONS AND RECONNENDATIONS 
FOR FURTHER WORK. 
1. The static load or confining pressure acting on a bed of granular 
matter, whether resulting from an externally applied force or 
from the weight of the material itself, exercises a decisive 
influence on its behaviour. In addition, the history of previous 
loading of the bed, whether static or dynamic in character, has 
been observed to be of considerable significance. 
In any investigation of the behaviour of beds of granular material, 
therefore, control and knowledge of the state of loading throughout 
the process of bed deposition, preparation and experiment are 
essential. In the present investigation, an experimental procedure 
has been developed which attempts to fulfil these conditions as 
closely as possible. Reproducibility and consist.ency of bed 
deposition have been achieved by means of a simple deposition method, 
deliberately avoiding the use of vibration as a means of compaction, 
and the method of preparation and experiment has minimized the 
application of uncontrolled and unknown loads. 
For future experiments on finer powders, it is recommended that 
the hopper discharge system be further refined, in order to 
eliminate the tendency to deposit beds with a conical surface. 
Lower bed porosities might be achieved by depositing the granular 
material under vacuum. The controlled deposition of fine or more 
cohesive materials might also be aided by a small vibrator attached 
to the hopper. The provision of a load cell in the base of the 
experimental vessel would yield additional information relating 
to the state of loading of the bed. 
2. The velocity of propagation of a low-amplitude compressional 
impulse determined experimentally in beds of four size fractions 
of Redhill 65 sand is independent of the impulse crystal frequency 
(in the range of the experiments; 25 kHz to 115 kHz) and of the 
impulse amplitude (maximum amplitude N0,7 pn), and no variation 
of the velocity with the ambient temperature or relative humidity 
in the laboratory can be detected in the results. 
It is recommended that a series of experiments parallel to those 
in this investigation be performed using PZT crystals polarised 
to generate transverse impulses. 
:2.12 
3. The relationship of the velocity of propagation to the applied 
static load is well represented throughout the experimental 
results by a power law (equation 6.2.2) of the form predicted 
by contact theory. 
The static load exponent of velocity in this relationship is 
found to increase from a value close to 1/6 (the value predicted 
by Hertz contact theory) for the smallest particle size fraction, 
to a value slightly greater than 1/5 for the largest fraction. 
An examination of the theoretical literature relating to the 
contact of elastic bodies shows that the magnitude of the exponent 
is dependent on the shape of the bodies in the vicinity of the 
contact. The value of 1/6 in classical Hertz contact theory 
results from the assumption that the distance function is of the 
second degree. It has been tentatively suggested (Section 7 .2. (ii)) 
that the increase in the exponent with increasing particle size 
fraction observed in the present experiments, is related to the 
ability of elongated particles in the larger particle size 
fractions to adopt preferred orientations during deposition. 
It is recommended that further experiments be performed on 
near-uniform fractions of granular material, to eliminate possible 
effects of particle size distribution, and on a number of size 
fractions of spherical particles, to exclude the possibility of 
preferred orientations. Further investigation of the tendency 
ofparticles to pack in preferred orientations is also suggested. 
4. The velocity of propagation of a compressional impulse at a 
given static load is found experimentally to increase with 
increasing particle size fraction. This effect is considered 
to be related to associated changes in bed packing rather than 
to the particle size. 
It is recommended that a series of full experiments be performed 
on beds of each particle size fraction, deposited at a number of 
different porosities, by adjusting the intensity of deposition 
and height of fall of material as described in the experimental 
procedure, to test this hypothesis. 
Experimental values of the velocity of propagation at a static 
load of 1 kNm-2 are in the range 203 to 2q1 ms-1• 
:Lt3 
5. Limited comparative experiments on impulse propagation in samples 
of silicon carbide and sodium chloride suggest that the magnitude 
and load dependence of the velocity in silicon carbide powder are 
similar to those in Redhill sand, while the beds of sodium chloride 
show a higher velocity at 1 kNm-2 , but an estimated static load 
exponent of velocity as low as 1/50. 
6. Experimental observations of the propagation of low-amplitude 
compressional impulses in beds of four size fractions of Redhill 
65 sand show that the magnitude of the received impulse at constant 
transducer separation varies with the applied static load according 
to a power law (equation 6.3.1), for static loads greater than 
a certain limiting value. 
7. The magnitude of the received impulse is found to decay exponentially 
with transducer separation, at constant static load (equation 6.3.2), 
yielding a distance attenuation factor. This attenuation factor 
shows no dependence on the impulse magnitude in the range 
investigated. Values of the distance attenuation factor obtained 
in the principal experiments are in the range 11 to 26 m-1• 
8. The distance attenuation factor, k, is itself a function of the 
applied static load, W, and is well-correlated by the relation: 
k = k1 + q log W (equation 6.3.3) 
The factor k1 is found in general to decrease with increasing 
particle size fraction. Behaviour resulting in both negative 
and positive values of q has been observed. 
The experimental results show a strong, negative dependence of 
the attenuation factor on the static load for high crystal 
frequencies and small particle size fractions, a decrease in the 
magnitude of this dependence with decreasing crystal frequency and 
increasing particle size fraction, and a trend of transition to 
a positive dependence with large particle size fraction and low 
crystal frequency. No satisfactory explanation of this latter 
behaviour has been found. 
9. In general, the distance attenuation factor at a given static 
load increases with increasing crystal frequency. 
10. A correlation equation (6.3.6) has been developed, which predicts 
the magnitude of the received impulse as a function of the static 
load and transducer separation. The equation contains four factors, 
which are constants for a given combination of particle size 
fraction and crystal frequency. Impulse magnitudes predicted 
by the correlation are on average, even for the least well correlated 
data, within 10% of the experimental values. 
Attempts have been made to relate the factors in the correlation 
equation to the properties of the granular material and the impulse. 
A tentative correlation of q in terms of the mean particle diameter 
and the impulse rise time has been presented. 
In view of the success of the correlation equation (6.3.6) in 
describing the observed attenuation behaviour, it is recommended 
that this correlation be investigated further. More data are 
needed, both from further experiments on the material used in 
the present experiments, 
materials with different 
and from experiments using other granular 
elastic and 
The investigation of wider ranges of 
magnitude is also suggested. 
surface properties. 
static load and impulse 
Higher impulse magnitudes could be achieved simply by increasing 
the potential difference applied to the PZT crystal (the maximum 
field for PZT-q is 10q volts/cm.). Air-cooling could be supplied 
to the transmitter assembly if this became necessary. Higher 
impulse magnitudes would enable experiments to be performed at 
greater transducer separations, and might cast further light on 
the issue of whether, and under what conditions, wave attenuation 
in granular media is amplitude-dependent. 
11. Estimates of the inverse of the quality factor, Q-1 , obtained 
from the experimental results, are of the same order of magnitude 
as those obtained under similar conditions by other investigators, 
and are in the range 0.1 to 0.3 
Q-l shows the same variation with static load as does the 
distance attenuation factor, k. 
Jf5 
12. An expression has been derived for the velocity of propagation 
of an impulse in a disordered array of like spheres, based on 
the normal and tangential load-displacement relations for a 
single contact from contact theory. The expression predicts 
the velocity as a function of the static load, in terms of the 
material properties, the mean co-ordination number and the 
packing density. For packed beds equivalent to those of the 
four size fractions of sand investigated experimentally, the 
model predicts values of the velocity between 10 and 12% higher 
than those obtained experimentally, and closely reflects the 
observed variation with particle siz.e fraction in terms of 
changes in bed porosity and mean co-ordination number. 
The analysis predicts that the velocity of propagation is 
independent of particle size. 
13. Greater uncertainty exists in the application of contact theory 
relations to the 
granular medium. 
leads to distance 
attenuation of a mechanical impulse in a 
The simplified model presented in Section 7.3 
attenuation factors of the same order of 
magnitude as those observed experimentally, but predicts a 
dependence on particle size and impulse magnitude not observed 
experimentally. The model also results in a strong, negative 
dependence of attenuation on the static load, as opposed to 
the complex behaviour found in the present experimental 
investigation. 
14. It is recommended that research into contact theory and its 
application to the mechanics of granular matter be continued, 
and further work on the following specific matters is suggested: 
(i) An experimental and theoretical investigation of the 
effects of the rate of loading on the force-displacement, 
and energy dissipation relations of a single contact. 
(ii) A study of the various types of contact geometry and 
their distribution in beds of non-spherical particles. 
(iii) The determination of tangential force-displacement 
relations for contact geometries other than those 
with distance functions of the second degree. 
(iv) An investigation of the effects of the nature of the 
surface of different particulate materials on the 
resulting surface of contact and its mechanical behaviour. 
(v) An examination of the distribution of particle co-ordination 
numbers as a function of particle size distribution, 
particle shape and packing density. 
(vi) Further investigation of the distribution of applied 
stress within a particle bed. 
(vii) The determination of the upper limit of applicability 
of elastic contact theory, and an investigation of the 
mechanical behaviour of particl~-particle contacts 
in the regime of plastic deformation, 
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5.60 1965 1:2'! H5 173 HO 5.60 1995 167 191 215 160'~' 5.60 2165 .36~ 395 420 52 5.60 1990 1!20 1~_)2 1,~,7) '•6 
. 4.20 19J5 123 1JO 179 127 4.20 1985 175 198 221 az* tt.zo 2155 380 410 t,30 ,,6 lt.20 1980 IJIJO 1£75 
-
4'J* 
3.20 1~)5 1)2 152 179 HO* 3.20 1980 185 208 230 l)Sif }.20 2150 398 4.28 4'15 1-1)* }.20 1965 lt58 '190 - J7* 
2.~0 1950 135 157 1811 125* 2 •• 0 1975 196 219 2't0 130* 2.40 211Jj '120 4~0 '.~:70 ~2· 2.~0 19~5 480 5:1.5 - 3'.~:* 
1.80 19)0 1'12 165 190 125* 1.80 1970 205 235 255 122M 1.80 2135 4/lO 475 - 39* 1.80 19)0 '•97 51t0 - :wl!-
IlED 3 z = /?.n mm; b5 = 1B70 pm ~ z = 97.9 mm; h5 = 1960 }"" BED 7 z = 11.~:3.5 rmn; h5 = 2060 pm 
w h t. tp t. p w h t. tp t. p 
kNm-2 pm 
_}'• I'" JlS Nm-2 kNm-2 pm }'• I'" !'" Nm-2 
11 h t. tp t. p 
kNm-2 pm jlS p• I'" Nm-2 
52.6 2115 160 180 207 210 52.6 2220 215 2'!0 267 175 52.6 23}0 335 360 33J 91 
40.0 21.00 163 18'"' 203 1B2 4o.o 2200 222 2'..5 270 1G2 •o.o 2305 ]I10 365 391 82 
}0.0 2070 tGs 189 215 172 30.0 2170 2)0 255 280 1'12 30.0 2285 352 380 ~02 7" 
22.5 201!) 176 19G 220 155 22.5 21'!5 2'12 265 290 122 22.5 2250 JGB }97 lt20 62 
17.0 2025 1B3 203 223 go 17.0 2120 25) 278 302 110 17.0 2215 }RO IJ:12 1135 lj11 
13.0 2000 192 21} 233 135 1}.0 209) 263 290 315 10'1 13.0 2190 't02 1-(jO 1.~:50 37 
10.0 198) 200 222 2117 120 10.0 2075 272 30~ 328 90 10.0 2165 1,~,23 1.1:55 1J7) }0 
7.•o 196J 211 23'J 258 107 7.40 2060 290 320 31•3 8) 7.40 21'15 ,.,, .. ) 1175 h95 26 
5.60 1950 225 i!lt'j 272 105 5.60 2050 JOJ Jj!J ]60 77 5.60 2130 1.~:60 1-~:95 513 2'• 
~t.zo 19110 230 2)7 28~ 100 •• 20 2035 318 3JO 372 60 4,20 2125 1J73 51) 535 ::Jit* 
}.20 1~)35 :V12 265 290 98* 3.20 2025 330 3(,7 391 Ga* }.20 21.20 lJ90 535 - 2,,..,. 
2.110 1925 2)3 2(10 }03 87* 2,1:l0 202j 350 )D2 ltO) (~'{'* 2 •• 0 2115 520 560 - 22* 
1.80 1920 2GJ 295 
-
B)M- 1.80 2020 :172 'tOJ 
-
(i}l!- 1.80 2110 5)0 595 - 21* 
TABLE A 1.1 35 ~z Crystal) 
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Size Frt~ction 1 
55 kHz Crystal 
0 
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V V 
V 
" 
t> 
• 
" 
A 
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7 10 
Figure A 2.1 
7 lO 
Figure A 2.2 
.:l:z.o 
Si2.e Fraction 1 
55 kHz Crystal 
.. 
ll 
.. 
• 
0 
+ 
20 JO 40 
Static toad (W) 
20 
Static Load 
Bed: 7 A 
Q 6 
V 5 
• 4 
c 3 
+2 
X 1 
3 
4 
5 
6 
7 
0.60 
~ 0.50 
~ o. 30 
..; 
g_ 
E 
.., 
~ o.zo 
• E 
., 
.. 
..; 
• > 
• 
" .... 
"' 
0.10 
400 
1
8 :JOO 
z 
~ 200 
• 
• 
..; 
" 0. ~ 
., 
• ~ 100 
• 0 
• 
" ~ 70 
• 
"' 
.E 
~50 
• 
" 40 
30 
Size Fraction 1 
.35 kHz Crystal 
= : : = .__ 
= : : : ~ . =~ :-----..:  
2 
0 
• 
V 
0 
A 
2 
. ~. ~ ·-----.=: : 
0 
• 
V 
0 
/:. 
Size Fraction 1 
35 kHz Crystal 
0 
• 
V 
0 
"" " 
J 4 5 
10 20 30 
Static Load 
Figure A 1.1 
• 
6. 
7 10 20 JO 
Static Load 
FigurE:> A 1.2 
.:z:u 
A. Bed 6.: 7 
" 0 6 
V V 5 
• e4 
0 0 3 
+ +2 
)( ')( 1 
4o 
(w) 
l 
2 
4 
5 
6 
7 
50 ? (kNm--) 
Bed Transducer Porosity Linear regression of' Linear regression of' 
separation o:f bed log ta versus log W log p versus log W 
af'ter 5 cycles Slope ta(W= lkNm-2) Slope p (w .. lkNm-2) Lower limit of' W preparation 
(z,mm} (f.) (ms} (Nm-2) :for correlation 
1 42.4 44.1 -0.175 0,161 o.499 60.2 4.20 
2 58.9 44~3 -0.162 0,224 O,J67 73.9 7.40 
3 75.9 43~2 -oa64 0,293 0,296 62,2 4,20 
4 95.9 43.4 -0.167 0~405 OoJ73 39.6 4.20 
5 115.3 43.9 -0.166 0,485 0~447 2).2 4.20 
6 1J0.8 4J.9 -0.169 0.557 o.425 21.6 5.60 
7 141.4 4). 5 -0.155 0~599 0~661 7.11 5.60 
Impulse velocity {v) as a :function o:f static load (w)' from linear 
regression o:f ta versus z at constant w 
w (kNm- 2 ) 1.80 2.40 ).20 4.20 5.60 7.40 10.0 13.0 17.0 22.5 30.0 
V ( ms-1) 242 254 265 277 290 303 318 332 346 361. 378 
In the relationship I V = A W b, A = 221. ms-1 , b ,. 0#1.59 
Impulse attenuation (k) as a :function o:f static load (w) • f'rom linear 
regression o:f log p versus z at constant W 
w (kNm-2) 1.80 2.40 3.20 4.20 5.60 7.40 10.0 13.0 17.0 22.5 30.0 4o.o 52.6 
k ( m-1 ) 
- - - -
-
17.14 16.72 l6.3J 1.5.97 15.55 15.12 14.67 14.32 
F ( Nm- 2 ) 395 4~)3 468 509 553 60J 656 714 
In the relationship· I k = kl + q log W • kl = 20.06 • q = -1.45 
TABLE A 1..2 (Fraction l 1 35 kHZ Crystal.) 
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o.4o 
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......... o • .')0 
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• N E 0.20 w ·.< ,. 
.... 
• > 
• H ,. 
0,..10 
0 
Size FT'action 1 
.'35 kHz Crystal 
X : ~ = 30.0 kNm- 2 
e : W = 10.0 kNm- 2 
-2 A : W = 3.,2 kNm li 
20 4o 60 80 100 120 140 
Transducer Separation (z) (mm) 
Figure A 1 0 3 
4oo r 
"' I 
JOO 
~ 
~ 
_zoo 
0. 
~ 
• 
• 
.... 
0 
0. 
8 
H 
" ~ l.OO 
·.< 
• 0 
• j 'ot 
-a 50 
"" •:;: 4o 
I 
JO 
20 
0 
X 
~ Size Fr 35 k action 1 Hz Crystal 
- • kNm-2 X I w - 52 6 
- .0 kNm-2 A ' w - JO 
- 17.0 kNm-2 e.w-
[l ' \1 - 10 2 - .0 kNm-
20 4o 60 80 lOO 120 
Transducer Sep~ratio.u 
F'igure~~ 
D 
140 
(z) (mm) 
~ z = /1}.[3 nnn; h:; = 1360 pm BED 2 z = 59.3 nnn; h5 - H:20pm BED 5 z = 111.9 mm; h5 = 20'.~:5pm BED 6 • = 128.Jlliillj h5 = Hi}O pm 
w h ta tp ts p w h ta tp t. p 
kNm-2 pm I'" I'" ps Nn>-2 k.'lm-2 pm }'S J'S J'S ~<n-2 
\( h ta tp t. p \1 b t. tp t. p 
kNm-2 pm p• p• P" Nn>-2 kNm-2 F ,. I'" I'" Nm-2 
52.6 1)90 81 9'! 112 )60. 52.6 1690 120 133 1JO 290 52.6 2305 255 278 296 125 52.6 1870 jOO 332 j)O 11'! 
~o.o 1570 83 96 11'1 :no ~o.o 1GGJ 122 138 1)7 2GO ~o.o 2285 262 285 302 110 ~0.0 18)0 310 j-'lO )]3 102 
30.0 1~?)0 135 93 115 310 :;o.o 1630 127 11!2 160 235 }0.0 2255 270 295 312 91 }0.0 1830 325 352 370 82 
22.5 1)20 80 101 11? 280 22.5 1600 1}0 ilt,5 163 210 22.5 2230 280 302 320 7~ 22.5 1'30) 335 }62 3:~o 62 
17.0 1)00 92 10} 123 255 17.0 1)65 135 153 172 180 17.0 2205 292 318 335 6} 17.0 1785 350 3BO 399 50 
13.0 11l75 9J 110 128 21£0 1}.0 1)'!0 H2 160 178 tn 13.0 2195 305 332 350 5'~ 1}.0 1770 370 392 1110 lt1 
10.0 1'!(1) 100 1111 132 220 10•0 1515 150 168 186 135 10.0 2170 320 3115 362 ~9 10.0 1750 385 '.~:10 1()0 :;G 
7.~0 l'tJO 1.05 !J.S 1)6 205 7.~0 ill95 157 175 193 120 7.~0 2155 J'i0 365 382 l;,l~ 7.~0 1735 1_t.10 1!35 4.'j0 }2 
5.60 1IL '10 107 123 VtO 200' 5.60 1't85 165 133 200 112 5.60 21'15 355 385 ~00 IJ-1* 5.60 1720 fJ:}O 1,5J IA]O 23* 
~~.20 1'(;.0 112 '126 l'tll 135 ~.20 11!.80 168 188 205 106 ~.20 2135 372 ll05 1-t.15 ~o• ~.20 1710 ltlt'} '~75 lliJO ~(jlt 
}.20 139J 119 133 151 180 }.20 H7J 175 197 215 lOG 3.20 2125 385 li20 '.l32 38* 3.20 1705 lt{i5 '19) 
-
26> 
2.~0 1j95 1_211 139 156 165' 2.~0 H75 1:l3 205 223 95 2.~0 2120 /105 4/l5 - 38* 2.1!0 1695 /1(}0 525 - 2-'1* 
1.80 1JJ5 132 H8 167 155 1.80 1'170 195 220 237 88 1.80 2110 ~30 '•65 - 38* 1.80 i690 515 )')') - 22* 
BED 3 z = 76.0 nnn; b5 = 1875pm ·. BED~ z= 92.9 mm; b5 = 1830pm DED 7 z = H:6.l.t nnn; b5 = 1900 pm 
w h ta tp t. p li h ta tp t. p 
k.'lm-2 pm I'" )1• ,.. Nn>-2 kNm-2 pm I'" I'" ,.. Nn>-2 
w h ta tp t. p 
kNm-2 pm I'· I'" )'• Nn>-2 
52.6 21}0 tG2 HlO 198 210 52.6 2075 215 21t2 260 190 52.6 2135 335 3()5 385 80 
1,~;0.0 2110 1G7 185 202 195 ~o.o 2060 222 2'13 265 172 40.0 2115 3'•2 }70 390 70 
30.0 2080 172 190 20fl 195 30.0 2030 2)0 W32 270 165 30.0 209) 3:>5 332 ltOO 58 
22.5 2055 J.f\0 197 ~.!15 .tJO 22.5 2005 2'10 265 282 125 22.5 2070 370 397 l.t15 ~6 
17.0 203) 1~0 208 2:!5 1)0 17.0 1980 21j5 278 295 105 17.0 20115 390 /!20 1(j3 36 
13.0 20.15 1 !)U 217 235 115 13.0 1960 26J 290 }08 m! 13.0 2030 1115 lt 1l0 '•55 29 
10.0 1990 ~!03 22a 2'i) 97 10.0 191!0 27Y 300 }ill 78 10.0 2015 ~35 '-"GO 1175 25 
1.1,0 197) :;:w 2}7 2J5 92 7.~0 1920 295 315 332 M 7.~0 2005 't55 '*90 
-
2'•*. 
5.60 19)) ~30 250 2(>7 87 5.60 1905 )05 3}2 350 ;,;a 5.60 1990 ,,ao 510 - 21* 
~.20 19·'1) :J'tO 2G5 28:~ 80 ~.20 1900 320 :VlO JJ8 5'! 4.20 1975 500 53.5 - 19* 
3.20 19.'tO ::~'-'7 273 ~90 7J-1t 3.20 1895 335 }C10 377 )2* 3.20 1970 515 ))) - 19* 
2.~0 19}0 :JW ~!d) }02 70X· 2.~0 1885 350 378 3Y5 !.l~-3~ 2.40 1965 )1!0 )85 - W* 
1.80 1925 !.!75 JOO 31B (,n,.. 1.80 1880 375 ~to:~ 1-li) '()* 1.80 19'15 580 G::!J - 18* 
T.ADLE A 2.1 (Fraction 1 ; J5 kiiz Crystal) 
Bed Transducer Porosity Linear regression of Linear regression of 
separation of' bed log ta versus log W log p versus log J{ 
af'ter .5 cycles Slope ta(W= lkNm-2) Slope p (w .. lkNm-2) Lower limit of' W preparation 
(z,mm) (%) (me) (Nm- 2 ) f'or correlation 
1 42,4 44.4 -0.1.54 0.142 0.246 131 1,80 
2 
.57·9 44;o -0.153 0,211 O,:J6.5 64.9 1.80 
:J 74;1 43;3 -0.16.5 0,303 o.422 40;7 4,20 
If 91.1 43;9 -0.170 0.410 0,_548 22.5 4,20 
5 109;9 43;8 -0;166 o.471 0.558 l:J.5 7;4o 
6 126,7 43;7 -0.167 0.,568 0.699 7.28 7.40 
7 144 • .5 44,2 -0;171 0.637 o;ns 4,,56 10.0 
Impulse velocity (v) as a function of' static load (w)' f'rom linear 
regression of' t 8 versus z at constant w 
J{ (kNm-2) 1.80 2,40 :J,20 4.20 5.60 7.40 10.0 13.0 17.0 22.5 30.0 
V ( ms-1) 22.5 237 249 261 275 288 30:J Jl8 :J:J4 :1.50 368 
In the relationship I V = A W b, A = 203 ms- 1 , b .. o;17.5 
Impulse attenuation (k) as a f'unction o:f static load (w), f'rom linear 
regression o:f log p versus z at constant W 
1{ (kNm-2) 1.80 2 ·'•o :J,20 4.20 ,5.60 7.40 . 10.0 lJ,O 17.0 22.5 JO,O 4o,o 52.6 
k ( m-1 ) 
- - - - - -
21;48 20,29 19.03 17.67 16.:13 14.97 l:J,69 
F ( Nm- 2 ) ,544 
.5.57 .569 579 .592 60.5 617 
In the relationship I k = kl + q log W • kl = 32,J.5 • q .. -4.71 
TABLE A 2.2 (Fraction 1 1 5.5 kHz Crystal) 
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Size Fraction 1 
55 
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t•ra.nl:'duc<>r Separation 
u~ur~l 
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4o 
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0 
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A I w JO,O 
• 1W 17.0 
0 I w 10,0 
20 
Size Fraction 1 
55 kHz Crystal 
kNm-2 
kNm- 2 
kNm- 2 
kNm- 2 
Go SO lOO 120 
Transducer Separation 
Figure A 2.4 
(z) 
11-JO 
(mm) 
I 
> 
:.1 
~ • = '•2,8 mm; h5 = 1000 pm ~ • = 57,2 mm; h5 = 1685 pm !!!:!!_2. •= 97.6mm; b5 = 2160 pm RED 6 z = 115.3 mm; h5 = 2505 pm 
11 h t. tp ts p w h t. t t. p p 
kNm-2 ]lil1 ps ,.. ,.. Nm-2 kNm-2 pm ps ps ,.. Nm-2 
11 h ta tp t. p 11 h t. tp t, p 
J<Nm-2 
_j'»l_ ps ps ps Nm-2 l<Nm-2 pm ps p• )lS ~~m-2 
52,6 1255 83 9~ 108 225 52.6 1930 117 130 H~ 170 52.6 2':~:00 215 230 21.1/i 93 52.6 2775 252 268 282 63 
ljO.O 1235 8~ 95 109 205 ~o.o 1915 119 132 H5 157 ~0.0 2390 217 233 2'-17 8~ ~o.o 2755 260 273 287 58 
30.0 1205 s6 97 111 185 30.0 1885 121 1J'! H.B !1!0 )0,0 2360 223 2112 257 68 30.0 2725 267 282 297 48 
22.5 1180 88 100 115 170 22.5 1855 125 137 151 120 22.5 2335 233 252 266 5'• 22.5 2695 277 293 307 40 
17.0 1155 91 103 118 157 17.0 1830 1)0 11!3 157 100 17.0 2315 2~6 265 280 -~ 17.0 2670 290 305 319 32 
13,0 1135 9'• 107 121 H2 13.0 1800 135 150 16~ 8~ 13,0 2295 258 275 289 38 13.0 2645 302 322 335 26 
10,0 1115 99 112 126 132 10.0 1780 142 157 172 71 10.0 2275 270 287 300 32 10,0 2635 317 337 350 2'• 
7.~0 1095 104 117 132 120 7.40 1750 150 167 181 62 7.~0 2265 285 305 317 28 1.•o 2610 335 352 363 21 
5,60 1085 109 121 136 112 5,60 1740 157 176 190 55 5.60 2250 297 318 327 25 5.60 2600 350 370 382 18 
4,20 1075 113 126 140 105 4.20 1735 163 182 196 54 4,20 2240 210 330 342 23* •• 20 2585 367 
-
400 18* 
3.20 1070 118 130 l'J5 97 3.20 1725 170 188 203 51 3.20 2230 325 31.t5 357 22* 3.20 2575 380 - 415 17* 
2,40 1060 122 135 150 90 2.-'lO 1720 177 197 211 46 2.40 2225 338 
-
370 30* 2.4~ 2565 IJ.-00 - {1;}5 17* 
1.,80 10'.1:5 129 1':1:3 153 82 1,80 1720 187 210 222 '*'J:* 1.80 2210 357 - 390 27* 1,80 2550 "25 - '•65 17* 
~ • = 72,1 mm; h5 = 1190 /"" ~ z = 81.1:.4 JDDlj h5 = 1700 F' 
11 h t. tp t. p 11 h ta tp ts p 
lcNm-2 ]lil1 JlS I'" J'S Nm-2 kNm-2 pm ps p• ps Nm-2 
52.6 11!35 11.1:7 160 174 ili7 52.6 1965 172 196 210 115 
40,0 1'115 150 163 177 135 40.0 1950 184 198 212 106 
30.0 1390 155 168 182 115 30.0 1920 190 206 220 90 
22.5 1365 ·160 173 188 100 22.5 1895 197 213 228 7'• 
17.0 13'.1:0 165 179 193 37 17.0 1870 203 223 238 63 
13.0 1320 172 183 202 75 13.0 1850 217 233 2'.~:7 5'• 
10.0 1300 180 197 212 66 10.0 1830 230 21£7 262 '•5 
7.40 1280 190 207 221 58 7.40 1810 2'.~:2 253 272 40 
s.6o 1275 200 216 203 52 5,60 1790 250. 26T 282 35 
~.20 1250 203 228 2'!2 h5 ~.20 1775 260 280 295 29 
3.20 1235 220 239 252 '•1 3.20 1770 272 290 305. 28* 
2,40 1230 232 250 262 38* 2.~0 1765 285 308 322 2!,-JE. 
1,80 1230 2lJ5 267 279 37* 1,80 1755 300 322 335 2'!* 
TABLE A 3.1 (Fraction 1 75 kllz Crystal) 
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Static Load 
Figure A 3.1 
20 30 
Static Loa.d 
.'2.2.1? 
0 Bedb 6 
'17 
• 
0 
+ 
~ 
40 (w) 
4o 
(w) 
V 5 
• 4 
0 ' 
+ 2 
X l. 
50 2 
(kNm- ) 
1 
2 
3 
4 
5 
6 
'50 2 (kNm- ) 
Bed Transducer Porosity Linear regression of' Linear regression of' 
separation of bed log ta versus log W log p versus log l{ 
after 5 cycles Slope ta(W= lkNm-2) Slope p (w .. lkNm-2) Lower limit of W preparation 
(z,mm) (%) {me} {Nm-2) for correlation 
1 41.8 4).2 -0.148 0,140 0~294 68.;3 1,80 
2 55.5 4;).1 -0.157 0~204 0.457 27.6 2~40 
3 70.9 44.1 -0.166 0,267 0,469 2,3.0 .3~20 
~~ 82.7 43o5 -0.162 Oo3.30 0.559 1.3.0 4,20 
5 95.4 4J.8 -0.166 0~.394 0.621 8.01 5.60 
6 112.8 43.3 -0.165 0,464 0,607 6.01 5.60 
Impulse velocity (v) as a function of static load (w)' f'rom linear 
regression of' ta versus z at constant w 
w (kNm- 2 ) 1.80 2.40 3.20 4,20 5.60 7.40 10,0 13.0 17.0 22.5 30,0 
V ( ms-1) 239 2,51 264 277 291 306 322 
.337 353 .370 389 
In the relationship I V = A W b, A "' 216 ms- 1 , b .. 0.173 
Impulse attenuation {k) as a f'unction of' static load (w) ' f'rom linear 
regression of log p versus z at constant W 
' 
lf (kNm-2) 1.80 2.40 3,20 4,20 ,5.60 7.40 10.0 13,0 17.0 22.,5 30.0 40.0 52.6. 
k ( m-1 ) 
- - - -
26,04 24.80 2.3.51 22,38 21.22 20,04 18.78 17.50 16. Jl 
F ( Nm- 2 ) 301 316 3.32 347 .364 383 401 420 440 
In the relationship I k = kl + q log W 
' 
kl = 33.49 • q = -4~33 
(FrMHonl 1 75 kllz Cr:yst!l-1.) 
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TraneducPr Separntion (z) 
Figure A_J..!.!!_ 
~ z = 1t2.0 mm; hs = 1300 !"" ~ z = )6.7 mm; hs = 1220plll RED 5 z = 100.4 nnu; b5 = 1235 pm BED 6 z = H7.1 mm; h5 = 17')0 pm 
w h t, tp t. p w h ta tp t. p 
Jd{m-2 
""' 
ps ps ps Nm-2 kNm-2 plll l'" __]lS l'_S llnl-2 
11 h ta ~ t. p \{ h ta tp t. p 
kNm-2 
""' 
)18 ps 1'" Nm-2 kNm-2 pm ps ps ps Nm-2 
52.6 1)65 71 87 11'1 't50 52.6 ilt70 98 112 HO '110 52.6 1530 200 22.0 2't.8 2~0 52.6 2000 235 2)3 2BO !GO 
~o.o l)'(Jil 7~! 83 115 l1hO ~0.0 1450 100 11'1 1'12 380 ~o.o 1515 205 225 253 185 ~o.o 198) 2'lO zGo 287 1112 
JO.O 1)30 7'• 90 11B HO }0.0 11!2) 10'1 118 HG 3'.t0 30.0 HB) 213 235 262 160 30.0 1955 2·'18 270 297 127 
22.5 l't95 77 93 12\l 330' 22.5 HO) 103 123 151 300 22.5 tf(j) 225 2117 275 145 22.5 1925 260 28J 312 115 
17.0 1116/j [)0 97 12'1 320 17.0 1335 11'1 132 160 250 17.0 1':l30 235 260 287 1j8 17.0 18?5 275 302 }JO 100 
13.0 1'(50 8'l 102 12f) 2.80 1}.0 1370 119 136 t6't 230 1).0 1405 21t8 272 298 120 13.0 1875 290 j20 }'!2 9'• 
10.0 HO) sa 107 13'1 250 10.0 1350 12'1 !1J,2 169 207 10.0 1335 262 292 315 105 . 10.0 1860 300 330 3)5 88 
7.~0 1}90 ~)l.~c H3 HO 230 7.~0 tJftO 130 150 177 195 7.~0 1365 275 305 :no 98 7.~0 181,15 320 355 - 79 
5.60 t:5S5 93 116 HJ 220 5.60 1335 HO 162 190 172 5.60 1355 290 325 3'•5 89 5.6o 1825 335 ]70 
-
76• 
~.20 1)[)0 102 122 H9 210 ~.20 1315 11!5 165 193 170 ~.20 13'•5 300 335 J55 90* ~.20 181.0 3:i5 390 - Ge• 
3.20 136) 105 125 152 195 3.20 1305 1'18 170 197 160 3.20 131!0 315 350 - 86* }.20 1810 378 '!10 - 7'!* 
2.~0 1350 112 131t 163 175 2.~0 1295 155 180 207 152 2.~0 13'!0 330 363 , - 88• 2.~0 1810 397 h35 - 72~~' 
1.80 132) 121 1'13 172 170: 1.80 1270 165 193 217 H2 1.80 1335 350 390 - 86* 1.80 1810 'GO 1l7) - 7'~---
DJID 3 z = 71.7 llllD.; &5 = n:;o !"" BJID ~ z = 85.1 mm; hs = 110_)pm BJID 7 z ~ 132.5 mm; b5 = 1810 !"" 
w h ta ~ t. p w h ta ~ ts p 
kNm-2 plll I'" }'• 1'" llnl-2 kNm-2 !"" J'S ,. ,. Nn-2 
w h t. tp t. p 
k.'lm-2 plll p• p• p• Nm-2 
52.6 1700 127 11!) 172 J20 52.6 1350 162 182 210 27) 52.6 2050 270 293 )20 135 
~o.o 1680 r'> o- 150 177 230 ~o.o 1325 167 185 213 2'!5 ~o.o 2030 278 300 }28 125 
30.0 1650 1}8 1)7 18'1 2't0 }0.0 129) 17'1 195 223 220 30.0 2005 290 312 )IJO 110 
22.5 161) H::! 162 189 210 22.5 1265 183 205 2}2 t9J 22.5 1975 302 328 3)0 98 
17.0 153) 1J'J 173 200 18) J,7.0 1230 195 217 245 172 17.0 1950 315 3'•7 370 85 
1).0 15~0 :t62 135 212 ~Go 1).0 1205 200 22) 2:13 152 13.0 19)0 330 )G) }83 80 
10.0 1)2) :1.72 196 22'• 11,1) 10.0 11HO 213 2110 267 1'!0 io.o 1915 JJJ )80 405 7'• 
7.~0 J)OO .1.83 20) 2}} 12) 7.~0 1155 22j 250 278 130 7.40 1890 370 ~~oo ~~~'!0 6B 
5.60 H90 190 215 21•3 1.12 5.60 11'15 2'£0 270 29G 110 5.60 1880 390 -'l2): 
-
(ilj_JI: 
4.20 .HT) :-20] 2]0 257 100 ~.20 1135 2)0 230 307 102 4.20 1870 1!15 1!)) 
-
G6* 
).20 1't7J 210 2J5 262 10)* 3~20 113) 2GO 291 317 10'i* 3.20 1870 '"'35 lt70 - G't* 
2.~0 1'175 217 2117 27) 9)X· 2.40 1135 273 )05 332 100* 2.~0 18()5 1:1:55 119) - G1• 
1.80 1'165 ~:..!B ::!(M 2<3) 103*' 1.80 1135 r!HJ 3~2 ) 115 9}'* 1.80 1855 1.~;7) 5~0 
-
5Gif 
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Size Fraction 2 
3.5 kHz Crystal 
/j 
V 
[l c 
" 
" 
A 
• 
3 4 5 
Size Fraction 2 
35 kHz Crystal 
7 10 
Figure A 4. 1 
7 10 20 JO 
Static Load 
Figure A 4.2 
.2.32-
-------------------------
A 
a 
V 
• 
0 
+ 
4o 
(W) 
Bed: 
Bed: 
"' 
7 
a 6 
V 5 
• 4 
0 3 
+ 2 
" 
1 
Bed Transducer Porosity Linear regression of' Linear regression of' 
separation of' bed log ta versus log W log p versus log U 
after 5 cycles Slope ta(w .. lkNrn-2) Slope p (w ,. lkNrn-2) Lower limit of W preparation 
(z,rnm) (%) {rns) {Nm-2) for correlation 
1 140~ 7 4l,J -0.171 O,lJl O,Jl6 1J2 1,80 
2 5.5·5 42.1 -0.164 0,181 0.324 107 1,80 
J 70.J 42,0 -0.187 0.260 o.463 50.1 4,20 
l, 84.0 41.4 -0.178 0.]20 Oo396 .56.8 4,20 
5 99.1 41.1 -0.174 O.J87 0.380 4,5.4 
.5.60 
6 115~4 41.5 -0.192 0.472 0.,357 J7.9 7.40 
7 1J0.7 41.4 -0.182 0.5J4 0~364 31~9 7.40 
Impulse velocity (v) as a function of statio load (w)' from linear 
regression of ta versus z at constant w 
l{ (kNm- 2 ) 1.80 2.40 3.20 4,20 5.6o 7.40 10,0 lJ,O 17.0 22.5 JO,O 
V ( ms-1) 244 258 272 287 JOJ J20 339 356 J7.5 395 417 
In the relationship I V = A W b A ,. 218 ms-1 , b .. 0~191 • 
Impulse attenuation (k) as a function of statio load (w)' from linear 
regression of log p versus z at constant W I 
w (kNm-2) 1.80 2,40 ].20 4,20 5.60 7.40 10.0 1.),0 17.0 22.5 JO,O 4o.o 52.6 
k ( m-1 ) 
- - - - -
i4.76 14,65 14.60 14.,54 14,45 14.J4 1.4,JO 14.20 
F ( Nm- 2 ) 428 474 521 572 630 695 770 846 
In the relationship I k 
" kl + q log W • kl = 15.31 ' 
q 
.. -0.279 
TABLE A 4,2 (Fraotion·2 1 J5 kHz Crystal) 
... ----------------------------------------------------------
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' [-< 0.20 
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0 
Si.ze Fraction 2 
35 kHz Crystal 
X : W = JO.O kNm-2 
e : W = 10.0 kNm-2 
~ : W = 3.2 kNm- 2 
20 4o 60 80 lOO 120 
Transducer Separation 
Figur_:E> A 4 1 
140 
(z) (mm) 
~ 
"' I 
4oo 
~ ')00 
A 
-200 
• 
• 
.... 
0 
" e H 
" • !i 100 
• 0 
• 
'+ 
0: 
... 
0 
• 
'0 
0 
.. 
... 
!i, 50 
• 
"' 40 
JO 
20 
0 
X 
A 
• 
n 
20 
I W s 52.6 kNm- 2 
: W ~ 30.0 kNm-2 
I W = 17.0 kNm- 2 
: W = 10.0 kNm-2 
40 60 80 
Size Fraction 2 
35 kH:z: Crystal 
lOO 120 
Transducer Separation 
FJgure A 4.lt 
140 
(•) (mm) 
~ z = h6.7 mm; h'j = 191) pm ~ z = 59.0 mm; h5 = 1170 pm DEll 5 z = 112.7 mm; b5 = 1360 pm BED 6 z = 128.5 nnn; h:; = 1575 pm 
w h t. tp t. p w h t. tp t. p 
kNm-2 pm ps ps ps Nm-2 kNm-2 pm ps ps ps Nu-2 
w h t. tp t. p \{ h t. tp t. p 
kNm-2 pm p.s ,,. p.s Nn-2 kNm-2 pm ps ps }l• Nm-2 
52.6 2190 76 87 106 '!10 52.6 1410 108 122 HO J'jO 52.6 2110 215 237 z:;:> 125 52.6 1325 2J5 2115 302 111 
~o.o 2170 77 88 107 330 •o.o 1390 110 12) !loa)- )30 40.0 2090 220 2!(3 260 112 40.0 1810 2GO 290 )08 102 
30.0 2135 79 91 110 355 30.0 136) 113 128 147 jO) 30.0 2065 232 2)2 270 95 30.0 1790 275 300 317 93 
22.5 2100 82 95 113 325 22.5 13110 117 132 150 270 ·22.5 2035 2'£0 265 283 81 22.5 1770 292 317 335 78 
17.0 20G5 86 99 117 290 17.0 1320 122 HO 158 2'15 17.0 2010 252 278 295 7~ 17.0 17:;0 )05 333 350 G9 
13.0 2035 92 105 123 2)6 13.0 1305 128 11:t5 163 220 13.0 1990 270 297 315 M 13.0 1730 322 3'£5 }62 62 
10.0 2010 96 111 129 225 10.0 1285 135 152 170 200 10.0 1970 282 305 322 58 10.0 171) 3110 3G5 3a2 58 
7 •• 0 19115 101 117 135 187 7.40 1270 H.O 153 176 170 7 •• 0 1950 295 320 338 55* 7 •• 0 1700 355 338 l£02 J'**· 
5.60 1975 103 12't 1'12 175 5.60 1250 148 166 18'.1: 152 5.60 191!0 310 31!0 355 53* 5.6o 1680 375 1110 - 53* 
4.20 1960 113 129 1'!8 160 l.t.20 1220 157 175 193 150 11.20 1925 330 )60 372 51* 4.20 1675 39B '•32 - IJ7* 
3.20 l~.)(iO 117 131! 152 !GO 3.20 1220 163 180 199" 132 3.20 1925 31!5 335 
-
52* 3.20 1665 H5 IJ)O - 50* 
2 •• 0 19J5 l'J<) 141 160 ili2 2.40 1220 170 191 210 115 2.40 1915 362 ltOO 
-
52* 2.40 1660 !1!10 1175 
-
,,(i-ll-
1.80 l9JJ 132 150 169 1'1}* 1.80 1200 179 202 221 110 1~80 1905 390 ~30 
- 5"'* 1.80 1630 IJG5 505 - 52* 
DEll 3 z = 7~.1 nun; h5 = 1990 pm ~ z = 95. 1! mm; h5 = 1600 pm DEll 7 z = 149.9 mm; h; = 1295 pm 
w h t. tp t. p w h . t. tp t. p 
kNm-2 pm ps p• ,,. Nn-2 kNm-2 pm , .. ps ps Nn-2 
w h t. tp t. p 
kNm-2 pm ps ps ,. Nn-2 
52.6 22't5 HO 157 175 230 52.6 1830 176 193 211 130 52.6 1550 320 ]li) 362 80 
1.~:0.0 2235 1'13 160 178 215 •o.o 1820 180 195 213 170 40.0 1530 325 352 370 74 
30.0 2205 illS 165 183 137 30.0 1800 185 203 222' 153 30.0 1510 31£0 363 380 66 
22.5 2185 155 175 192 165 22.5 1775 195 215 233 135 22.5 1'!80 355 333 1100 57 
17.0 21j'j tGJ H!J 201 1'!7 17.0 1755 207 225 2TJ2 122 17.0 1460 368 397 415 53 
13.0 2HO 175 193 212 130 13.0 17IJ:O 220 237 25) 110 13.0 1'.1:35 390 fJ15 ~32 50* 
10.0 2125 183 202 220 115 10.0 1725 228 250 267 96 10.0 1'120 410 "33 4)5 48* 
7.'.~:0 210J 192 215 233 97 7.40 1710 21!2 262 2.10 90 7.40 1li05 h35 ltGS 
-
116* 
5.60 2095 200 226 2'13 92 5.60 tG85 255 278 29G 80 5.60 1390 I.~: GO '19) - '1'!* 
•• 20 2075 212 2]) 253 34 . 4.20 1670 270 296 313 72 4.20 1375 ·180 515 - I.~:Jll-
3.20 2065 2::!3 2'18 2ii5 76 ).20 1670 232 )10 32) 70* 3.20 1370 )05 )1!0 - 1.~:3~~" 
2.lt0 20C15 233 zCio 277 75* 2 •• 0 1670 293 :no } 1!2' 70• 2.'.~:0 1365 1)23 570 
-
11011-
1.80 20)0 2\5 277 293 7J* 1.80 1650 }!20 ))) 
- 70• 1.80 1350 570 G20 - 39* 
TABLE A J.t (~a~tion 2 )5 kDz Crystal) 
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Figure A 5.1 
A 
10 
Fig:urP A S.2 
Size Fraction 2 
55 kHz Crystal 
A 
" 
V 
• 
\') 
• 
20 30 4o 
Static Load (~) 
20 30 
Static Load 
40 
(w') 
L..------------------------------------------------------------------- - -- -
Bed: 
.. 7 
a 6 
• 5 
• 4 
0 J 
+ 2 
X l. 
1 
5 
6 
7 
50 2 (kNm- ) 
Bed Transducer Porosity Linear regression of' Linear regression of' 
separation of' bed log ta versus log W log p versus log W 
af'ter 5 cycles Slope t 8 (W= lkNm-2) Slope p (w ,. lkNm-2) Lower limit of W preparation 
(z,mm) (%) (ms) (Nm-2) for correlation 
1 44.8 42a -0;182 oa46 0,368 97.9 2,40 
2 57.8 41.3 -0,167 0.198 O,J6J 86,0 1.80 
J 77.1 42.0 -0.179 0.274 0,413 45.3 J.20 
11 9J.8 41.6 -0.191 0,355 0.374 42,0 4,20 
5 110,8 41.5 -0.184 0,429 0.471 19,J 10.0 
6 126.9 41.6 
-0.185 0.517 o;416 21,7 10.0 
7 148,6 lfl, 7 -0.183 0,626 O,J83 17;7 17.0 
Impulse velocity (v) as a f'unction of' static load (w) ' f'rom linear 
regression of ta versus z at constant w 
w (kNm- 2 ) 1,80 2.40 J,20 4,20 5.60 7.40 10,0 lJ,O 17.0 22.5 JO ,O 
V ( ma-l) 241 255 269 283 299 Jl5 :J3J 350 J68 388 409 
In the relationship I V = A W b, A = 216 ma-l, b = o;l88 
Impulse attenuation (k) as a f'unction of' static load (w) • f'rom linear 
regression of log p versus z at constant w 
w (kNm-2) 1,80 2.40 ).20 4,20 !),60 7.40 10.0 lJ,O 17.0 22.5 JO.O 4o.o 52.6 
k ( m-1 ) 
- - - - - - - -
16.85 16.72 16,60 16.45 16.35 
F ( Nm-2 ) 578 639 708 783 865 
.In the relationship I k = k1 + q log W • kl = 18.09 , q .. -o.441 
TABLE A 5. 2 (Fraot:!,on 2 1 55 kHill Crystal) 
Size Fraction 2 
0.40 55 kHz Crystal 400 
Size :Ft'action 2 
55 kUz Crystal 
l(: w }0.0 kNm -2 
• kNru-2 
300 
• •• w = 10.0 
A: w = ),2 kNm -2 
• ., 200 
• 
• _, Oc'30 
;J 
p. 
• .... 
" c
• e 
100 
·e 
... X w = 52.6 kNm- 2 
.... kNm-2 
• A w }0.0 > • 
N • 
70 
• kNm-
2 
" 
w • 17.0 
VJ ... 0~20 
OQ 
.. 
50 
4o 
30 
0.10 
20 
0 
0 
20 40 60 80 100 120 14o 20 4o 60 80 lOO 120 140 Traneducer Separation (z) (mttt) 
Fieure A 3.4 
Tr.ansducer Separation (mm) 
DJID 1 z = 1:~:1. J mm; h5 = 1125 pm ~ ~ = 5~.~ mm; h5 = 1625 pm BED 5 z = 99.2 nnn; h5 • 2160 pm fl.£l2..i z • 115.8 mm; h5 = 1515 pm 
w h ta ip t. p \1 h ta tp t. p 
kNn("2 pm p• ps ps n,.-2 ~-2 pm ps ps J'S Nm-2 
52.6 1415 71 82 96 280 52.6 1915 100 113 128 185 
\1 h ta tp t. p lv h ta tp ts p 
k:Nrn-2 pm ,.. .,. , .. Nm-2 kNru-2 1"" .,. ps , .. Mu-2 
52.6 2390 192 208 223 95 52.6 1760 235 2J5 270 68 
40.0 1390 72 83 97 265 40.0 1910 101 lt'J 129 170 40.0 2370 195 211 226 88 40.0 1735 2t10 2GO 275 57 • 
30.0 1355 7'• s• 99 235 30.0 1885 103 116 131 152 30.0 2330 201 217 232 75 }0.0 1705 250 270 285 49 
22.5 1325 76 86 100 210 22.5 181.tO 108 122 137 135 22.5 2}00 213 230 21!5 60 22.5 1670 262 232 298 44 
17.0 1290 78 90 105 187 17.0 1810 112 127 142 122 17.0 2270 225 243 257 51 17.0 1650 278 298 312 ''O 13.0 1275 81 93 107 175 13.0 1735 119 133 t•s 110 13.0 2245 237 2.55 270 44 13.0 1625 290 312 327 y, 
10.0 1250 SI> 96 111 158 10.0 1765 122 138 15':~: 100 10.0 2230 247 265 280 42 10.0 1605 302 325 3'!0 30 
7.40 1205 89 102 117 11t5 7.40 1745 126 H5 160 89 7.110 2205 260 282 298 38* 7.110 1580 320 
-
350 29* 
5.60 1185 94 106 121 135 5.60 1730 132 152 166 79 5.60 2195 270 298 312 36• 5.60 1570 335 - 370 27* 
4.20 1185 97 110 125 122 '•.20 1720 137 157 172 76 4.20 2190 280 308 320 35* l:f..20 1555 350 
-
385 26* 
3.20 1185 101 lill· 129 115 3.20 1710 141 162 177 71 3.20 2185 295 
-
340 40* 3.20 1550 370 
-
400 29* 
2.1!0 1180 106 120 135 100 2.J,O 1700 152 172 187 62 2,40 2180 310 
-
350 110* 2.!;0 1550 385 
-
1120 28• 
1.80 1150 112 129 144 92 1.80 1700 162 183 198 5'> 1.80 2160 m - 370 37* 1.80 1540 liO) 
-
445 26• 
DliD ;; z • 68.2 mm; b5 • 1710 pm DJID 4 z = 84..8 l!.lll\; b5 = 2075 pm BED 7 z ., 131.1 nm~; b5 = 1670 pm 
\I h ta tp t. p \V h ta tp ts p 
lcNm-2 pm ,,. )'S ,. Nru-2 --2 
'"' 
,. )\S 
. ps n,.-2 
w h t. tp ta p 
kNm-2 )"" ps ps ps Nn-2 
52.6 2090 122 138 152 1l.t7 52.6 2355 155 173 187 112 52.6 191AO 270 295 310 53 
40.0 2080 125 HO 155 1115 q,o~o 2335 158 176 190 108 40.0 1915 280 J02 317 "9 
30.0 20l.t5 130 H,5 160 122 30.0 2305 162 182 197 92 30.0 1880 288 310 325 '•2 
22.5 2020 137 153 163 103 22.5 2270 170 190 205 811 22.5 1850 300 322 337 36 
17.0 2000 142 160 175 96 17.0 2250 180 200 215 70 17.0 1820 315 340 352 30 
1).0 198~ 150 167 182 83 13.0 2225 191 212 227 62 13.0 1790 330 355 365 24 
10.0 1970 155 175 190 77 10.0 2205 200 219 233 53 10.0 1765 JIJ:J 375 - 25 
7.~0 19:.10 162 182 197 72 7.'10 2170 212 232 247 43 7.40 17"0 370 402 
- 23* 
5.60 1920 168 189 205 64 }.60 21)5 223 245 260 '•2 5.60 1725 390 '•25 
-
21* 
4.20 1915 178 198 214 56 4.20 21'!0 2)5 256 271 ~o· lh20 1715 410 ""'".5 - 20• }.20 1910 185 205 221 5'• 3.20 21'!0 2l!J 267 230 40• 3.20 1710 430 460 - 18* 
2.1.tO 1900 197 218 235 52* 2.11-0 21!.t0 255 280 295 l!O* 2.'o~O 1710 4/.~:J h85 - 22* 
1.80 1870 210 2JJ 21t8 47* 1.80 2115 270 
-
315 I,!;{) -!I- 1.80 170.5 !J.70 505 
-
2}* 
TABLE A 6.1 (Fraction 2 75kHz Crystal) 
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Figure A 6.1 
1 
2 
J 
4 
3 
6 
7 
20 JO '-i-0 50 .., 
Static Load (W) (klim •") 
Figure A 6.2 
. 2.'f-o 
Bed Transducer Porosity Linear regression of' L:l.near regression of' 
separation of' bed log t 8 versus log W log p versus log W 
a:fter 5 cycles Slope ta(W= lkNm-2) Slope p {lf ,. lkNm-2) Lower limit of' W preparation 
{z,mm) {%) {me) {Nm-2) :for correlation 
1 40.2 42.1 -0~151 0~121 0,330 75.7 1~80 
2 52.8 41.2 
-0.152 O,l7J 0~358 
. 
44.5 1.80 
3 66.5 40.7 -0.164 0.227 0.379 33.1 3.20 
11 82.7 41.2 -0.181 0,302 0,465 18.9 5.60 
5 97.0 40.8 -0.171 0.364 0.507 12.9 7.40 
6 114.3 41.1 
-0.171 o.449 o.4n 10.1 10.0 
7 129.4 41.1 -0.179 0.525 0,516 7.08 10.0 
Impulse velocity (v) as a :function of' static load (lf} • :from linear 
regression of' ta versus z at constant w 
'" 
(kNm-2 ) 1.80 2,40 3.20 4.20 5.60 7.40 10,0 13.0 17.0 22.5 30,0 
V ( ms-1) 247 260 275 289 305 321 339 356 375 394 416 
In the relationship I V = A W b, A = 221 ms-1, b .. 0~186 
Impulse attenuation {k) as a !'unction of' static load (w) ' f'rom linear 
regression of' log p versus z at constant W 
'" 
{kNm-2) 1.80 2,/lQ 3o20 4,20 ,5,60 7.40 10,0 13.0 17.0 22.5 30,0 4o.o 52-.6 
k ( m-1 ) 
- - - - - -
21.07 20~46 19.97 19.37 18~72 18,10 17.48 
F ( Nm- 2 ) 332 354 381 410 439 473 506 
In the relationship I k = k1 + q log W • kl = 26.02. q = -2.15 
TABLE A6,2 (Fraction 2 1 75 kHz Crystal) 
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Fltture A 6.11 
( 111m) 
~ . ~ '57 .tl ltllll; b:;: =- 785 !"' ~ • = 47.7 lllltl; hj = 595 lllll BED 5 • = 109.ft mm; hs = 910 I"" ~ • = 130.0 DllD; h::; = 1225 I"" 
w h t. tp t. p w h t. tp t. p 
kNm-2 pm ps ps JlS Nm-2 k.'W-2 pm l"' ,,. l"' Nm-2 
52.6 10'1-5 Gt~_ 78 118 1J.90 52.6 815 88 lOG 1'1-7 '150 
ll h t. tp t, p li h ta tp t, p 
kNm-2 )'Ill p.s )1• JlS N<ll-2 kNnt-2 . I"" )lS )lS p• Nm-2 
52.6 1155 212 239 230 210 52.6 H.9J: 255 233 32:3 155 
40.0 1020 61t 79 120 I£8J 40.0 805 89 106 H.? ~110 40.0 1135 220 2'!5 202 205 ~o.o HSO 262 293 )J'j 152 
)0.0 1011) 65 81 121 '*-30 ;o.o 775 91 109 !1.9 1,~20 ;o.o 1105 229 2~11 JOO 205 ;o.o 1'!50 272 30!.! j\lj 150 
22.5 960 67 83 123 1o60 22.5 760 9'• 112 152 'HO 22.5 1080 2''0 263 315 207 22.5 .tf.~:20 285 313 3GO 11J,8 
17.0 930 70 86 126 fJ/1-0 17.0 72') 97 118 153 IWO 17.0 10:15 253 283 330 207 17.0 1j9J JOO 335 375 l'jO 
13.0 910 7'• 91 131 f.l10 1).0 705 10'! 122 161 3qo 1).0 1030 265 297 3'i2 215 13.0 1370 31.5 jJO 390 1'<7 
10.0 8B5 76 93 132 415 10.0 68:i 108 125 160 380 10.0 1015 278 312 :;Go 205 10.0 1350 330 ]6) '!10 1ft] 
7.40 3GJ 79 98 - 390 7.40 670 112 1H 170 380 7~40 995 295 :no }80 195 7.~0 1330 )JO )SG 1132 H2 
5.60 UJ5 84 108 - 380 5.60 655 116 1'1:5 175 360 5.60 985 312 j)O 398 185 5~60 1320 :no '*1.0 ':15) 137 
4.20 B'!) BS 112 - 37<>' 4.20 6'!0 120 1'.1.3 180 )50 li.20 975 330 368 '115 177 4 .. 20 1305 385 425 475 130 
3.20 g};J 92 117 - 370 3.20 635 126 155 187 340 },20 965 )1!5 390 '*35 175 3.20 1}00 1!05 '1·'-~:J ''93 127 
2.40 830 96 12.\ - ;Go 2,40 62j 133 162 - 325 2.40 95) }60 1!05 4)0 165 2.40 12DO 112) !1(1) 515 12) 
1,80 3~0 100 1:26 - 360 1.80 615 11l3 175 - j1J 1.80 935 380 4)0 1qs 175 1.80 1265 t1-GO 505 J55 1}0 
J!!!lU. • = 66.6 ttllll; h5 = BOO !"' !!!'!!...'!. z = a1 .2 ""'; h5 = tn51"" BED 7 • = 151.0 mm; h.5 = 800 I"" 
ll h ta ~ t. p li h ta tp t. p 
kNm-2 I"" )lS I'" I'" Nm-2 kNm-2 I"" l"' I'" l"' lim-2 
w h t. tp t. p 
kNm-2 l"" )1• , .. JlS N<ll-2 
52.6 1055 120 HO 177 }'J(} 52.6 1380 162 181 232 255 52.6 1040 315 314? 387 132 
40.0 1030 12~~ H2 180 :no 40.0 1360 167 187 2Jj 270 t,o,o 1020 322 '}1)2 392 1}0 
)0.0 1000 125 150 18) 320 3<J,O lJI,O 172 193 2'12 240 )0,0 990 332 362 lJ:02 125 
22.5 9G0 13:.! 1~8 192 )15 22,5 1)05 180 207 21t5 2j0 22.5 970 JJO 385 4}0 125 
17.0 930 1'10 165 200 j1j 17.0 128) 190 217 Wl2 230 17.0 91d 370 /!00 ·'t't5 120 
1).0 900 1117 17'' 210 310 13.0 1::!60 193 225 262 233 1},0 925 335 1}20 1~;65 120 
10.0 380 15'~ 182 220 30J 10.0 1216 210 2't0 280 2'10 10.0 905 I .tO) 1,20 1~85 117 
7.~0 36) tG2 190 232 305 7.~0 12Jj 218 2f!8 2!15 2:1!0 7.40 885 f(jD !t:65 )10 115 
5.60 8)0 172 200 237 2?) 5.60 1220 2}0 2fi3 310 2)5 5.60 870 li)) 1-~:90 53J 110 
4.20 SI~;O 182 ~12 252 285 ~.20 1210 21t0 272 322 2)0 4,20 860 1i80 51] j()O 110 
).20 33) 190 222 26} 280 ),20 1200 2~2 283 337 225 }.20 850 jOO ~V tO 535 102 
2,1,0 8)0 200 235 280 275 2.~0 1195 267 )0] 355 215 2.1!0 8lt0 525 565 615 95 
1,80 320 207 2't3 
-
275 t.so !180 232 320 372 2:10 1.80 825 ))0 595 G1t5 92 
T..IBLE A 7,1 (Fraction j J 25 kllz Crystal) 
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-------------------------------------------------------------------------- ---· 
Bed: 
~ X 7 
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• • 4 
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d 
" 2 
A <11 
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(w) 
~ 
• 
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Bed: 
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2 
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7 
4o 50 2 (w) (kNm- ) 
~--------------------------------------------------------------------------------~------------------------: 
Bed Transducer Porosity Linear regression of' Linear regression of 
separation of bed log t 8 versus log W log p versus log W 
a:fter 5 cycles Slope ta{W= lkNm-2) Slope p (w .. lkNm-2) Lower limit of' W preparation 
(z,mrn) (%) (ms) {Nm-2) :for correlation 
1 36.6 38.0 -0.157 0,110 0,105 325 1.80 
2 47.1 37.8 -0.155 0.153 0.102 301 1.80 
3 65.8 ,38.2 -0,183 0,234 0,0620 263 1.80 
4 86,1 37·7 -0.174 . 0 • .310 0,0491 210 1.80 
5 108.5 37.6 -0.183 0,425 0.0706 165 1.80 
6 128.8 37.6 -0.183 0,504 0.0647 122 1.80 
7 150.2 37.6 -0.182 0.617 0,101 90.7 1,8q 
Impulse velocity (v) as a function of' static load (w)' from linear 
regreesion of' ta versus z at constant w 
w (kNm- 2 ) 1.80 2,40 J,20 4.20 5.60 7.40 10,0 1,3.0 17.0 22.5 ,30.0 
v ( ms-1) 253 267 282 297 313 330. 350 368 387 408 432 
In the relationship IV .. A W b, A = 226 ms-1 , b .. 0.190 
Impulse attenuation (k) as a :function of' static load (w) , f'rom linear 
regression of' log p versus z at constant W 
w (kNm-2) 1.80 2,40 3.20 4,20 s.6o 7-40 10,0 13,0 17.0 22.5 30,0 4o.o 52.6 
k ( m-1 ) 11.31 11.33 11.36 11.38 11.44 11.46 11.51 11.50 11.54 11.61 11.62 11.65 11.72 
F ( Nm- 2 ) 553 566 581 594 612 627 645 657 675 693 710 729 748 
In the relationship lk = k1 + q l·og w 
' 
k1 = 11.23 , q = 0.118 
TABL~ A 7, 2 (Fraction 3 1 25 kHz Crystal) 
o,4o 
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:F'ie!!_:re A 7.3 
~00 
;;"' JOO 
' a 
z 
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"' ~ 
• 
• 
'"' 
" "' 
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~ ll 
't1 100 
• • I > 
... 0 I 
• 0 
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"' 
70 
"' 0 
• 
" 0 50 ..., 
"" 
" "' ~0 • 
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)0 
20 
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w ~ 
w 
w 
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Size Fraction 
25 kHz Crystal 
52.6 kNm-2 
JO.O kNm- 2 
17.0 kNm- 2 
10.0 kNm- 2 
80 100 
Transduct:!r S(lpara.tion 
f;.!.e!!re A _1..J!.. 
3 
(z) 
---------------------------~-----
~ • = 3:.1.0 mm; h:7 = 680 I"' ~ • = 50.!.t mm; b5 = '•65 I"' BED 5 • = 9'•·6 ,., h; = 51) }"" !lED 6 z = 102.9 mm; h5 =' M,j pm 
w h ta tp t. p w h t. tp t. p 
k!lm-2 pm )\0 ps ,.. Nm-2 kNm-2 pm ,.. ,.. ,.. Nm-2 
52.6 83) 63 79 107 700 52.6 680 96 113 1H 52) 
w h ta ~ t. p w h t. ~ t. p kNm-2 ,.,. )\8 ,.. I'• »m-2 kNm-2 I"' J'S ps ps Nnt-2 
52.6 7'!0 185 207 2J5 300 52.6 875 200 22'l 252 262 
40.0 870 64 80 108 660 40.0 660 98 115 1~3 490 40.0 730 190 212 239 295 ~o.o 860 207 230 257 2~7 
jO.O U!c~,:J 6') 81 109 630 JO.O 6)) 100 119 tl.t6 1.~:65 }0.0 700 197 220 2os 255 30.0 830 220 2'd 268 235 
22.5 820 67 83 112 620 22.5 610 10it 123 1')0 l()O 22.5 675 207 230 258 220 22.5 805 230 253 270 205 
17.0. 805 69 86 1111 51!0 17.0 580 109 127 154 400 17.0 650 218 2'!3 270 210 17.0 780 2 1!2 266 2911 190 
13.0 790 72 90 118 490 13.0 505 112 132 160 380 13.0 630 227 253 280 190 lj.O 760 255 280 307 177 
10.0 770 7'• 93 123 1.\JO 10.0 550 115 137 163 355 10.0 610 2·~0 267 294 185 10.0 750 268 296 32!! 1(}5 
7.~0 755 78 98 127 420 7.40 535 120 H,:; 170 330 7.40 605 250 280 307 175 7.40 735 281 jtl! 3'<1 152 
5.60 7)0 80 101 129 400 5.60 520 125 H8 175 305 5.60 580 265 297 323 160 5.60 720 300 330 358 1~0 
4.20 735 B'• 105 133 375 4.20 510 131 155 182 285 4.20 570 275 312 338 160 4.20 710 315 )'jO 377 130 
).20 7)0 87 112 139 355 }.20 505 137 163 190 270 }.20 560 288 )25 
-
150 3.20 70, 330 367 393 120 
2.40 725 91 115 143 340 2.40 500 145 170 197 250 2.40 555 305 Jl,2 
-
1ft2* 2.40 690 350 387 
-
115~ 
1.80 720 95 120 148 315 1.80 1i90 152 176 203 230 1.80 550 325 362 
-
H-.0* l.SO 680 372 '1:10 
-
115* 
BED j • = G6.o mm; h) = 690,.. l!!lU z = 82.5 nu:n; h5 ::: 830,.. BED 7 •= t.J~.~mm; &5 = 6to }"" 
w h ta ~ t. p 1( h ta tp t. p 
k.'lm-2 pm I"' p.• p.s Nm-2 kNn-2 I"' l'" 1'" 1'" :Nm-2 
w h ta tp t. p 
kNm-2 J"' ps 
"" 
ps Nm-2 
52.6 92> 122 H:J 171 1t20 52.6 105) 155 175 203 380 52.6 8IJ5 274 295 323 185 
40.0 900 125 146 173 400 40.0 1040 1')0 180 207 31!0 40.0 825 280 302 331 175 
30.0 870 128 150 178 390 30.0 1015 165 187 215 320 :;o.o 800 290 315 343 165 
22.5 S'toO 132 156 182 J65 22.5 990 172 195 223 290 22.5 775 305 3)5 )62 150 
17.0 820 137 162 190 335 17.0 96) 180 202 230 270 17.0 750 320 3)0 378 135 
1J.O 79) 145 169 196 -330 u.o 91•5 190 215 21(j 250 13.0 7}0 335 365 395 135 
10.0 780 1)2 176 20j 295 10.0 930 200 225 253 211-0 10.0 710 JjO )85 '110 115 
7.40 760 162 186 214 270 7.40 910 210 237 2Gl• 210 7.~0 690 370 410 43) 110 
5.60 7'j0 169 196 22) 255 5.60 89J 221 250 277 210 5.60 670 J95 li_J) l.tGO 105 
lt..20 7110 175 20j 230 220 ~.20 880 232 26) 
-
190 4.20 GGO 415 455 475 96 
3.20 7J5 183 212 239 22() :).20 875 2'1) 276 
-
180 3.20 6)0 1,30 ':O~ 
-
91• 
2.40 725 190 223 2)0 212* 2.40 870 255 293 
-
170* 2.40 61.t5 '~50 '•95 
-
87* 
1.80 715 !!00 237 262 205* 1.80 860 275 315 
-
t60Jt 1.80 GJO 472 522 
- 8''* 
l'AllLE A 8.1 (Fraction J 1 J) ldlz Crystal) 
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FigTire A 8 • 2 
, I 
Bed Transducer Porosity Linear regression of' Linear regression of 
separation of bed log ta versus log W log p versus log W 
after 5 cycles Slope ta (lf= lkNm-2) Slope p (w .. lkNm-2) Lower limit of W preparation 
(z,mrn) (~) (me) (Nm-2) for correlation . 
1 34.3 38.9 -0.136 0.102 0,248 266 1.80 
"2 49.9 37·7 -0.146 0.163 0,24:3 202 1.80 
3 65.3 J7.8 -0.16:3 0.221 0,248 165 . :3<20 
,, 81.7 J8.2 -0.179 o._301 0.26:3 1:30 3.20 
5 94.1 J7, 7 -0.174 0.356 0.256 105 3.20 
6 102,3 37·7 -0.187 0.412 0~285 85.9 J,20 
7 133·8 37·:3 -0.176 0,527 0,266 65.3 4,20 
Impulse velocity (v) as a function of static load (w) • from lin(!ar 
regression of ta versus z at constant w 
w (kNrn- 2 ) 1.80 2,40 3.20 4,20 5.6o 7.40 10.0 13.0 17.0 22.5 30,0 
V ( ms-1) 256 270 286 301 318 335 356 37:3 394 415 439 
In the relationship I V = A W b A ., 228 ms-1, b = 0.192 • 
Impulse attenuation (k) as a function of static load (w) ' from linear 
regression of log p versus z at constant W 
li (kNm-2) 1.80 2.40 3.20 4,20 s.6o 7.40 10.0 13,0 17.0 22.5 30.0 4o.o 52.6 
k ( m-1 ) 
- - -
14.09 14.03 13.94 1J,84 13.78 13.63 13.59 13.51 13.41 13o33 
F ( Nm- 2 ) 590 632 674 723 770 817 874 936 1000 1066 
In the relationship I k = kl + q log W • kl = 14.55 • q = -0.308 
TABLE A 8,2 (Fraction 3 1 35 kHz Qrystal) 
O.,l.JO 
0 01 )0 
,_, 
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0 
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Size Fraction 3 
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Figu't"e A. 8.3 
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Figure A 8. If 
lli!!U. z , 38.8 mm; b5 = 675 !"" ~ z ~ 52.8 nnu:; h:; = 76j !"" BED 5 z = 97.3 ... ; h5 = 104o F ~ z = 1H.5 mm; h5 = 1090 pm 
w h t. tp t. p w h ta tp t. p 
kNm"2 pm JlS I'" 
"" 
Nm-2 kNm-2 pm I'" ,. ,. Nm-2 
52.6 880 66 80 98 )75 52.6 99) 9'• 1.12 130 320 
w h t. tp t. p w h t. tp t. p 
kNm-2 pm JlS )'• 
.E". Nm-2 kNm-2 .1":. .1" p• ps Nm-2 
52.6 1305 180 202 220 160 52.6 131J:) 210 2'10 2)8 133 
~o.o aGo 67 81 99 365 ~o.o 980 96 H2 1)0 310 f:.Q.O 1285 185 205 223 150 40.0 1325 215 2'l5 26} 128 
}0.0 S'JO 69 83 101 )'!5 30.0 950 lOO 115 13't 275 30.0 1260 192 212 230 11,0 }0.0 1300 222 255 272 112 
22.5 815 70 B'• 102 )20 22.5 925 105 120 138 255 22.5 1225 200 223 2'J:2 127 22.5 1270 230 265 282 99 
17.0 79) 72 87 10~ :;oo 17.0 B95 109 125 1'l'J: 225 17.0 1195 212 235 252 115 17.0 12'!5 2'12 272 290 90 
13.0 775 76 90 108 280 n.o 870 111.~: 130 148 210 1}.0 1175 22~ 2':l5 26:5 106 13.0 1225 2)5 290 308 81 
10.0 760 80 9" 11:'! 260 10.0 850 120 140 157 190 10.0 1151 235 258 276 99 10.0 1210 275 305 325 7J 
7.1,0 750 B'• 98 116 235 7.1,0 830 128 145 163 165 7.40 1140 2'1) 272 290 88 7.40 1205 295 320 338 65 
5.60 735 88 103 120 220 s.6o 815 132 152. 170 150 5.60 1125 255 285 303 82 5.6o 1170 305 JIJO 358 61, 
4.20 7}0 91 107 125 200 4,20 810 137 160 179 155 4.20 1115 270 300 318 75 4.20 1160 320 360 
-
53 
}.20 710 95 112 1}0 190 }.20 805 11.12 165 18lt: 130 3.20 1110 283 320 337 72* }.20 11~5 }40 375 
-
55* 
2.1,0 710 100 116 135 170 2.40 800 150 174 192 115 2.40 1105 302 3110 - 70* 2.4~ 1!ll5 355 !.tOO - 1~:.3* 
1,80 700 106 121, H3 165 1,80 790 160 18'• 203 105 1,80 1095 325 }62 - 69* 1.80 1130 380 1~:.20 - 52* 
BED ) z = 72.2 nnn; h5 = 980 !"" BED ~ • = 8}.8 ... ; b5 = 1000 I"" DEll 7 z == 135.4. mm; h5 =- 710 I"" 
w b t. tp t. p w h t. tp t. p 
k.'lm-2 I"" -2 kNm-2 Nm-2 
. ~~ . . 1'11 _, J:" ~- ·- I"" I'" ,. I'" f- _._ .. ___ ,_ ----
---· - -----·--·-- -- -- 19i''i95" 52.6 1235 127 1'1.9 167 238 52.6 1260 157 178 
w h t. tp t. p 
kNm-2 pm ps p• ,.. Mu-2 
52.6 1010 270 300 319 92 
40.0 1215 130 150 16B 225 40.0 12}5 162 180 199 185 40.0 990 280 310 328 86 
30.0 1185 1}1J 1~}7J 172 205 }0.0 1200 170 190 208 170 jO,O 960 292 322 j/~:.1 79 
22.5 1160 HO 160 178 187 22.5 1170 177 196 213 155 22.5 930 302 332 350 72 
17.0 11}0 147 167 186 166 17.0 1135 185 20'! 222 1}8 17.0 905 315 316 363 65 
. 
13.0 1110 155 175 193 150 13.0 1115 195' 215 233 125 13.0 880 335 362 }80 58 
10.0 1090 163 182 200 H•O 10.0 1095 203 227 245 110 10.0 865 y;o 380 398 53 
7. 1!0 1070 170 192 210 125 7.40 1075 215 2i.lo 258 100 7.40 S'.tO 370 1,00 U8 50 
5.60 10j0 180 202 . 220 115 s.6o 1060 225 250 268 92 ,.60 820 3'0 1125 '!'!5 '•6 
4.20 1011-5 1e7 212 2)0 106 4.20 1055 235 2G1 282 88 4.20 810 lt05 't'.l5 
-
'~:3* 
3.20 10'10 197 225 2f.tj 9'• ,3.20 10'.t5 21.t) 278 295 80 }.20 810 '!20 lt65 - '"'3'* 
2.1,0 10)0 207 237 25'* 86 2.40 10'.t0 2GO 295 310 77* 2.1,0 805 4,110 4.35 - 1*1* 
1.80 1015 :223 2)7 27'* 81** 1.80 1035 275 320 - 76' 1,80 790 1!70 51J 
-
l,O• 
TABLE A 9.1 (Fraction 3 ; 55 kDz Crystal) 
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I~ 
I~ 
I 
Bed Transducer Porosity Linear regression o£ Linear regression of 
separation of bed log ta versus log W log p versus loB' lf 
after 5 cycles Slope ta(W= lkNm-2) Slope p (w .. lkNm-2) Lower limit of W preparation 
(z,mm) (%) (ms) {Nm-2) for correlation 
1 38.1 38.2 -0.157 0.115 0.261 140 1.80 
2 52.0 37.6 -0.163 0.174 0.336 87.5 1.80 
3 71.2 38.0 -0~177 0.243 0~337 64.2 2.40 
4 82.8 37.6 -0.170 0;301 0.337 52.8 3.20 
5 96·3 37.6 -0.182 0.354 0,307 48.3 4.20 
6 113.4 38.1 -0.194 0.425 0~365 J2.1 4.20 
7 134.7 37.2 -0.170 ·0;516 0.323 26.0 5.6o 
Impulse velocity (v) as a function of statio load (w), from linear 
regression of ta versus z at constant w 
1{ (kNrn- 2 ) 1.80 2.40 J.20 4.20 5.60 7.40 10.0 13.0 17.0 22.5 30.0 
V ( ms-1) 269 283 300 315 332 350 370 388 408 430 453 
In the relationship I V = A W b, A = 241 ms- 1 , b = 0.186 
Impu~se attenuation {k) as a function of statio load (w) ' from linear 
regression of log p vex-sus z at constant W 
li (kNm-2) 1.80 2.40 J.20 4.20 5.6o 7.40 10.0 13.0 17.0 22.5 30.0 40.0 52.6 
k ( m-1 ) 
- - - -
15.98 .15.77 15.62 15.49 15.J9 15.35 15.10 14.99 14.82 
F ( Nm- 2 ) 370 401 4:37 470 508 554 596 649 699 
In the relationship I k .. kl + q log W 
' 
k1 = 16.70, q = -0.463 
TABLE A 9.2 (Fraction 3 1 55 kHz Crystal) 
;---------------------------------------------------------------------------------------------------------------------------------------
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" a. 
t: 
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'" 0 
<l) Oo-<0 
E 
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,., 
0 
Sizfl Fractton 1 
55 kHz Crystal 
A 
lt 
X 
20 
w 
" w 
'30 kNm-2 
10 kNm- 2 
J. 2kNm-2 
{)() 80 100 120 
T1'3nsdnot~r Sf'pnr<ltton 
f:i_r;nrl-' A 9. 3 
• 
1'10 
(z) {mm) 
two 
300 
~ 
"' 
' e z 
200 
"' 
• 
• ..., 
" "' 
" ,.., 
~lOO 
' .., 
• 0 80 
• 
"' 
"' 0 
• 60 
., 
" " ., 
f, 
~ '~o 
20 
]0 
0 20 
S:tze Ft~a~tJ.on ') 
5:> kllz Crystal 
X W e:. 52~6 kN!1t""2 
A W JO.O kNm-2 
• w 17.0 kNm-
2 
60 ~00 lOO 120 l'tn 
Trttnsdu.o<>r SPpar(!ti on ( v.) 6rtnt) 
fir,UT'(' A 9.4 
,----------------- ~-
~ z = 29.0 mm; h5 = 385 l"" ~ z = U.7 mm; h5 = 700 F' BED 5 •= 91i.) mm; h5 = 9'.~o5 pm ~ z = 109.2 mm; h5 = 915 pm 
1i h ta tp t. p 1i h t. tp t. p 
kNm-2 pm ~· I'" )lS n.-2 kNm""2 pm ~· ,.. ,.. n.-2 
52.6 610 50 G2 78 j8J 52.6 960 72 85 99 280 
1i h t. ~ t. p w h t. tp t. p 
kNm~2 pm PS ps ps nn-2 kMn-2 pm p• f'S ,... Nm-2 
52.6 1200 178 195 210 Uti 52.6 1175 215 235 252 98 
40.0 585 51 63 79 jGO %0.0 935 73 8G 100 26) ~o.o 1180 182 200 215 101 ~0.0 1155 218 238 25J 38 
}0.0 555 52 G'• 80 ~l.iO }0.0 905 7'• 87 102 235 30.0 11%5 187 208 223 87 30.0 1120 225 2h6 262 7'" 
22.5 530 53 (,) 81 320 22.5 870 76 90 105 205 22.5 1115 196 215 230 76 22.5 1090 237 257 27'~:. ')9 
17.0 505 )'-' 67 82 290 17.0 B'c.~O 80 93 108 180 17.0 1090 207 225 21.l2 66 17.0 lOGO 2'£7 270 286 )0 
13.0 1Jfl0 :;6 69 8'• 255 1}.0 815 83 97 112 165 1}.0 1070 217 238 25'• 58 1}.0 1035 26/i 281) }01 4'• 
10.0 '!60 )8 71 87 222 10.0 790 87 102 118 H2 10.0 1050 228 249 26~ 52 10.0 1010 275 299 315 39 
7.%0 ·'.t't5 GO 74 90 225 7.40 770 91 10G 122 1}0 
5.60 !(Jj 62 77 92 180 5.60 760 96 110 126 120 
7.~0 1030 2~0 261.t 280 IJ/:1: 7.~0 990 29) 317 332 3'• 
5.60 1015 252 278 295 ~2· 5.60 980 310 335 )JO }0* 
%.20 lc.~20 6) 80 9o 155 %.20 755 100 115 131 105 4.20 1005 265 297 310 40* ~.20 9GO 327 355 
-
28* 
3.20 '115 GS 33 99 l':f,J 3.20 750 10'~ 120 136 95 3.20 1000 277 J10 323 38* 3.20 955 3'() 377 - 28* 
2.1!0 't10 70 36 102 1J5 2.40 71.t0 108 127 1'.1/.{ 88 
1.80 l.t.O) 7'• 90 lOG 120 1,80 730 1H, 13:> 15:1 79 
2.~0 990 295 330 
-
38* 2.1~:.0 950 357 !100 
-
28* 
1.80 975 315 350 
-
36* 1.80 950 375 !J22 - 28'f 
DEll) z = ::;s.s mm; h5 = 800 F' BED% z = 74.9 mm; h5 = si5 F' BED 7 z = 125.5 I!Dn; h5 ::: 1255 I"" 
w h t. tp t. p w h ta tp ta p 
k.'!n-2 pm JlS I'" I'" Nm-2 kNm-2 F' I'" 1'" I'" lb-2 
52.6 10}0 105 123 133 210 52.6 10~0 137 155 171 165 
w h t. tp t. p 
kNm-2 
_!""_ I'" p• I'" nn-2 
52.6 1510 2110 260 276 70 
%0.0 1015 107 125 HO 187 %0.0 1035 t!J,O 157 17'~:.' 11!8 ~o.o 11190 2'J8 265 281 61 
30.0 9G5 uo 128 Hit 165 30.0 1010 145 1G2 178 123 30.0 H65 255 275 290 ')2 
22.5 955 115 133 150 1'15 22.5 935 150 169 18) 108 22.5 1435 265 287 }03 4} 
17.0 930 120 HO 155 127 17.0 960 158 180 195 90 17.0 H10 278 303 320 '•O 
13.0 905 127 147 163 110 13.0 9'.~;0 165 187 202 84 1}.0 1j85 295 318 331! 37 
10.0 m-m 135 155 172 97 10.0 920 175 197 212 7'• 10.0 1370 }10 332 JIJS 32 
7.40 nG5 HO 162 177 86 7.40 900 1B7 208 2::!.) 6'• 7.~0 1335 330 357 370 324 
5.60 3]5 1'17 167 18'1 76 5.60 890 195 218 233 ')3 5.60 1}15 352 JSO 
-
30* 
'<.20 8·'15 155 178 19) (>9 •• 20 B80 202 228 2·1(S 51* 4.20 1)10 367 ~00 - 23* 
}.20 8'15 160 H35 202 GG* J.20 870 210 2'tO 2)6 lf9* 3.20 1305 387 M!O 
-
26* 
. 2.40 ay; Hi8 19'" 212 )8* 2.1.0 860 223 255 2GS /16* 2.~0 12?5 I100 lt4.5 - 25if-
1.80 335 1DO 207 22) ~~Y* 1.80 0)0 2'10 275 21:l7 '18* 1.80 1275 lo~Jj 117) 
-
211~~' 
TABLE A10.1 (FraCtion 3 ; 7) kllz Crystal) 
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Size Fraction '} 
75 kHz Crystal 
Bed: 
/). /). 7 
b .. 6 
V V 5 
• • 4 
0 0 3 
: : + +2 X X X l( 1 
20 30 40 50 
Static Load (w) (kNm-2 ) 
20 30 
Static Load 
40 
(w) 
.---------------
-------------------------------, 
-
Bed Transducer Porosity Linear regression ot: Linear regression of 
separation of' bed log ta versus log W log p versus log lv 
af'ter 5 cycles Slope ta(W= lkNm-2) · Slope p (1., ,. lkNm-2) Lower limit of' W preparation 
(z,mm) (~) (me) (Nm-2) f'or correlation 
1 28,6 37~7 -0.127 0.0783 0,36'3 98,0 1.80 
2 41.0 37.6 -0~156 0,125 0~387 61.2 1.80 
3 58,0 ']8.1 -0.172 0,198 o.45J 'J5,0 4.20 
11 74.1 '37·7 ,-0.177 0,262 0,497 2'],1 5.60 
5 93.4 'J7.6 -0.182 0 •. J46 0,48'] 16,8 7.40 
6 108.3 '37·3 -0,185 0,423 0,563 10,6 7.40 
7 124,2 '37·5 -0,193 0,485 0.464 10.9 10,0 
Impulse velocity {v) as a f'unotion of' static load (w)' f'rom linear 
regression of ta versus z at constant w 
l{ {kNm-2 ) 1.80 2.40 J.20 4,20 5.60 7.40 10.0 lJ,O 17.0 22.5 JO,O 
V ( ms-1) 262 277 294 Jll 329 349 '371 391 414 438 465 
In the relationship I V = A lf b, A '" 232 s-1 m • b = 0,204 
Impulse attenuation (k) as a function of static load (w) , from linear 
regression of log p versus z at constant W 
,., (kNm-2) 1.80 2.40 3.20 4,20 5.60 7.40 10,0 lJ,O 17.0 22.5 JO,O 40.0 52.6 
k ( m-1 ) 
- - - - - -
·20~18" 19o82 19.']9 18.97 18.5.5 18.11 17.7:) 
F ( Nm- 2 ) 3.50 ']84 420 463 512 565 62J 
In the relationship I k = k 1 + q log W • kl = 2),62, q = -1.49 
TABLE A 10,2 (Fr!!!(ltiqn.3 175 ){Hz Qrystal) 
-·--- ·-------------------------------------
Oo40 
Size Fraction J X Size Fraction J 
75 kHz Crystal 400 75 kHz Crystal 
)(: w ~o.o kNm- 2 )(: w = 52.6 kNm-
2 
•• 10.0 kNm-
2 JOO I;.: kN'm- 2 w = w JO.O 
A: kNm- 2 "' kN'm-
2 
w ).2 I •• w 17.0 ~ C• w 10.0 kNn- 2 
200 
• e 
~ 
Oo30 ~ 
"' 
• • .. • 
~ 
'"' 
" • "' • 
RlOO X 
"' 
" "' "' ~ • > 
·M 
\..1 " 
• 70 
0 
0 
·(11 Ill O~ 20 • 
oq "' E 
'M 
.. 
'" 
0 
"' 
• 50 
• "' > " 
.. 
• H 
.. 40 
f< f, 
• ,
JO 
0.10 
I 
20 
I 
~ I 
10 I 
0 20 4o 60 80 lOO 120 ll-4.0 0 20 l:o 60 80 100 120 140 
I 
Trana duca- Separation (.) (mm) Transducer S£>paration (z) {mm) I 
Fieure A 10.) Ffgure A 10.4 
~ • = }6.3 llDD; h5 = &ryo pm §!!_£ • = 4'.1:.0 nnn; hs =. 980 pm DllD 5 • = 92.5 mm; h:; = 1090 pm ~ • = 1H.7 mm; h5 = 990 pm 
\i h t. tp t. p \i b t. tp tg p 
klful-2 
""' 
}lS }lS )lS ~~m-2 kNm-2 pm )19 p• ps ~~m-2 
52.6 910 53 69 79 j}O 52.6 1255 72 8'• 9'• 275 
\1 b ta tp t. p ti h t. tp t. p 
kNm-2 )l!!l )lS ps ,.. Nm-2 kNm-2 I'"' ps __ES p• ~~m-2 
52.6 1J50 170 191 203 114 52.6 1225 2.15 236 2119 77 
~o.o 395 )9 69 so 310 ~o.o 1220 7J 85 95 260 ~o.o 1320 175 19J 208 102 40,0 1:J05 222 2'10 ~!55 66 
jO,O 370 Go 70 81 275 30,0 1190 71• 86 97 215 )0.0 1295 182 202 21ry 82 ;o.o· 1180 229 21•7 260 56 
22.5 8.110 61 71 82 250 22.5 1165 76 89 100 175 22.5 1265 190 210 .22!:~. 70 22.5 11)0 237 2)7 272 '*9 
17.0 81) 63 ?J 85 210 17.0 1135 80 92 103 160 17.0 12'!0 200 220 23'• 61 17,0 11)0 2~0 27} 287 '•3 
1},0 795 66 77 89 182 13.0 1115 83 95 108 130 13.0 1220 212 233 21J7 54 13,0 1110 262 ~!86 300 
''" 10.0 77'3 Ga 80 92 165 10,0 1090 86 99 112 1}0 10.0 1200 233 2f(j 256 50 10,0 1075 275 }02 317 3'1 
7.~0 760 72 8} 97 11.t5 7.~o 1075 90 105 119 115 7.40 1185 23) 256 270 lJ8* 7.40 1065 293 323 335 32~ 
5,60 750 7'• 87 105 135 5.60 1060 97 110 12'1 t'05 5.60 11Go 250 275 288 M·"" 5.60 10)5 310 }'lj: 
-
31' 
%,20 730 73 92 108 120 %,20 1050 101 115 129 90 laf20 1155 262 283 JOO 40* 4.20 101.() 325 )CiO 
-
30* 
3.20 730 32 95 113 110 3.20 1050 10'! 120 1)6 86 },20 1l'J,5 270 302 
-
40• ),20 10'.t0 3'J~ 37J - 31* 
2.4.0 725 86 101 118 100 2,~0 1025 109 125 139 78* 2,40 11'>0 287 322 
-
36*" 2.40 1035 370 HO 
-
30' 
1,80 720 92 109 127 90 1,80 1010 115 133 153 72* 1,80 1120 305 31J5 
-
38"* 1.80 1020 390 1125 
-
29~ 
BED 3 • = ']9.9 mm; h; = 1250 pm !!£!..!! • = 74.8 IID:Il; h5 = 730 pm BED 7 • = 128.2 mm; h5 = 955 pm 
w b ta tp t. p \1 h ta ip t. p 
k,'Im-2 pm ps ps J'" Nm-2 kNm-2 pm p• p• ps Nu-2 
w h ta tp t. p 
kNm-2 pm ps ps I'" Nm-2 
52.6 153) lOG 119 132 20'j 52,6 970 v~,o 155 167 150 52.6 1175 260 282 2~)J 65 
~0.0 1505 1()8 120 135 175 %0.0 950 11(} 157 171 f25 ~o.o 11(10 261 287 300 56 
30.0 1't70 110 123 138 145 30.0 920 llt6 1G2 177 102 30,0 11i'i 275 298 310 ~~. 
22.5 Ili35 115 129 143 125 22.5 890 152 170 183 8'.1: 22.5 1110 283 310 322 '•O 
17.0 iltOO t21 135 150 107 17.0 865 160 178 191 78 17,0 1085 300 330 3112 36 
!J.O 1380 128 H2 156 95 1J;O 8)0 16) 185 201 71 1},0 1065 315 J't2 355 32 
10,0 135) 136 151 167 85 10,0 830 172 193 208 59 10,0 10115 335 3G2 375 30• 
7.40 1.335 H2 159 17} 69 7.40 815 181 202 218 53* 7.40 10JO JJ5 385 - 23* 
5.60 1)21) 1119 lGJ j_81t 6G·--* 5.60 800 190 215 2]0 53' 5.60 1020 380 r.:os 
-
2G* 
4,20 1)10 1TJ 176 192 58* 4.20 790 202 228 2'12 1!9* 4.20 1010 398 42') - 26• 
j,20 1)01 160 18) 198 :;6·:+ J,20 785 215 2]8 252 !!.7* 3.20 1010 1!15 '~)0 
-
26*" 
2.'!0 1300 1(i3 19J 210 55* 2.40 770 227 2;)0 <J.G7 '.l'J* 2.%0 1000 1-tJ) lt70 
-
211* 
1.80 1285 130 20G 222 5·'tlf 1.80 7GO 233 27U n)~2 'J'** 1.80 985 MIO 500 - 2'1* 
I I ' I 
TAilLE Al1.1 {Fr~ction 3 1 115 Jdl• Crystal) 
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Bed Transducer Porosity Linear regression or Linear regression or 
separation of bed log ta versus log W log p versus log W 
after 5 cycles Slope t 8 ( 1{"' lkNm-2) Slope p (11 .. lkNm-2) Lower limit of W preparation 
(z,mm) (i) (me) (Nm-2) for correlation 
1 J5.6 38.1 -0;153 0.0981 0,400 68.5 1.80 
2 43.0 J8;7 -0.160 0.126 0.430 48.7 J,20 
3 58·7 38.0 -0.171 0.198 0.540 23.6 7.40 
11 74.1 37.6 -0.176 o;262 0.539 16.9 10.0 
5 91.4 37.4 -0.184 0.339 0,519 14.4 10.0 
6 113.7 J7,6 -0.193 o.4JJ 0.416 14.1 10.0 
7 127.2 37.1 -0.188 0.516 0,505 8.51 lJ,O 
Impulse velocity (v) as a function of static load (w)' f'rom linear 
regression of ta versus z at constant w 
I{ (kNm- 2 ) 1.80 2,40 J,20 4.20 5.60 7.40 10.0 13.0 17.0 22.5 30.0 
V ( ms-1) 251 266 282 298 315 334 354 374 394 418 443 
In the relationship I V= A W b, A = 223 ms-1, b .. 0,202 
Impulse attenuation (k) as a £unction or static load (w) • from linear 
regression of log p versus z at constant W 
1{ (kNm-2) 1.80 2./to 3.20 4.20 5.60 7.40 10,0 13.0 17.0 22.5 JO,O 4o.o 52.6 
k ( m-1 ) 
- - - - - - -
18.72 18,62 18.49 18.35 18.24 18;10 
F ( Nm- 2 } 318 358 406 460 523 591 
In the relationship I k = k 1 + q log W • kl "' 1.9.87. q = -0.445 
TABLE All~ 2 (Fraction 3 all5 kHz CJ'fl!ltal) 
0,40 
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X w 
• w 
A w 
20 
Crystal 
JO,O kNm .... 2 
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J,2 kNm- 2 A 
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Transducer Separation (z) 
f.!..e;:ure2_1b2. 
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(mm) 
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Size Fraction 3 
11.5 kH:r. Crystal 
X w , 5~.6 kNm- 2 
A w JO,O k·Nm- 2 
• I w 17.0 kNm 
-2 
• 
A 
• 
60 80 lOO 120 
Transducer Separ~1tion 
F.:lgurP A 11.4 
(z) 
140 
(mm) 
~ z = !1j,O mm; h5 = 780 pm ~ • = ~9.7 114J.; h5 = 4S5F BJID 5 • = 93,0 mm; b5 = 700 I"' ~ • = 10).1 mm; h5 = 960 pm 
w h ta tp t. p w h ta tp t. p 
kl<n-2 pm ,. p• ,... lfu>-2 ldlm-2 pm ps p.s ps Nm-2 
52.6 9:JO G3 83 112 370 52.6 690 8'• 102 129 325 
w b t. tp t. p 11 h ta ~ t. p 
k!fu>-2 pm ,. ps ps Nm-2 klfu>-2 pm p• p• ps Nm-2 
52.6 89) 170 190 218 162 52.6 ltld 197 2JS !J:Jt(l 135 
~o.o 9)) 69 8'• 113 JJJ r.o.o 675 86 10'! 133 295 1,0,0 B8:J 175 l!J!l 221 160 40.0 1135 202 ~!22 2't~! 125 
}0,0 92) 71 86 115 3110 jO,O 6~0 90 107 135 230 30.0 865 182 203 230 1'l5 30.0 1115 210 .,--:-•JJ 2Gn 120 
22.5 890 7'• 90 118 33J 22.5 6}0 9'• 112 1'10 255 22.5 SltO 190 212 2'•0 1}2 22.5 109~ 221 2 116 273 110 
17.0 nG5 78 95 122 }00 17.0 610 97 116 1~· 235 17.0 820 2(10 223 2j1 125 17.0 1080 233 2GO ~37 100 
1).0 D'1J 82 100 126 270 13.0 595 102 123 151 225 1}.0 810 210 235 262 115 1}.0 1065 2117 273 )00 89 
10.0 82) sG 105 132 2115 10.0 585 108 129 157 195 10.0 785 222 21~7 27'1- 108 10.0 1050 2GO 287 31J 8} 
7.40 805 91 112 13~ 2::!0 7.40 560 112 1}} 160 175 
5.60 795 96 11B HJ 197 
.· 
;.60 555 116 1}8 1Ci6 1GJ 
7.40 770 232 260 288 10} 7.~0 1030 275 310 337 Bl 
5.60 760 2'*J 277 30) 95 5.60 1025 293 325 ))j 70 
lt.20 7GO 102 123 150 185 4,20 550 123 H7 175 155 
}.20 77'3 106 129 1)6 172 j.20 5115 1}0 157 185 HO 
4.20 750 257 290 318 85 4.20 1000 310 350 J78 72 
}.20 735 270 jOJ ;-o 8'• }.20 990 328 J(l) 395 GG J-
2.40 772 110 13J Hi2 155 2,1,0 520 137 1G5 191 135 2.~0 735 285 325 355 7'< 2.r~,o 990 3'l2 )30 lt03 58 
1,80 770 116 H) 172 15) 1.80 505 1'l3 181 205 130 1.80 720 j10 350 
-
72'· 1,80 980 JG7 H5 
-
58* 
UED) • = 66.2 l!IIll; h5 = 6'•0 pm ~ z = S1.6 mm; hj === 860 pm 
w h ta tp t. p w h ta tp ts p 
kNm-2 pm ,. ps ps Nm-2 kNm_-2 pm ps r• re Nm-2 
52.6 870 112 1)1! 162 2)7- 52.6 10)0 H7 167 195 .210 
40.0 R]) 1!7 138 16~ 21,7 • t,O.O 1035 150 170 197 190 
}0,0 830 i'l') 1'13 170 2110 )0,0 1020 158 177 20'i- 180 
22,5 805 123 150 177 217 .· 22.5 99) 16) 107 215 175' 
17.0 73~ 1j) 157 18} 20() 17.0 990 175 198 225 150 
u.o ?G) HJ J.G6 192 130 u.o 980 185 208 2)) 13) 
10,0 7)0 150 171 193 170 10.0 970 197 2':>? 2 1ii) 12~ 
?.1iO 730 153 18) 210 150 7.40 9JJ 205 233 2GO 115 
5.6o 7r!O 167 191t 220 H7 5.60 9't0 213 2h7 275 112 
~.20 71~ 177 20~ 2)0 1)7 4,20 930 2)U 260 28L~ )DO 
3.20 710 13) 215 235 125 }.20 9::!0 21(j 275 303 ~5 
2.1,0 700 19) 2}0 2JO 1~0 2.40 915 260 292 }20 U5 
1.80 Ga; !::10 21~7 
-
110 1,80 g;~J 2[10 317 }'l) no 
TABLE A 12,1 (Fraction 1~; )J kUz Ceystal) 
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..:.,. o.4o Size Fraction 4 
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Bed Transducer Porosity Linear regression of' Linear regression of 
separation of bed log t 8 versus log W log p versus log W 
after 5 cycles Slope ta(W= lkNm-2) Slope p (w " lkNm-2) Lower limit of W preparation 
(z,mm) (~) (ms) • (Nm-2) for correlation 
1 42.2 J7,2 -0.178 0.130 0.292 124 1.80 
2 49.2 36.5 -0.172 0.159 0.286 104 1.80 
3 65.6 35-7 -0.190 0.232 0.264 93.2 1.80 
4 80.7 3.5.9 -0.201 0.310 0.289 66.4 1.80 
5 92.3 35.2 -0.184 O;J38 0.255 60.5 2.40 
6 104.1 35.4 -0.199 0.411 0,269 46.5 2.40 
Impulse velocity (v) as a function of' static load (w), from linear 
regression of' ta versus z at constant w 
w (kNm-2 ) 1.80 2,40 3.20 4,20 5.60 7.40 10,0 1J,O 17.0 22.5 JO,O 
V ( ms-1) 254 269 286 302 )20 J40 362 )81 40) 427 454 
In the relationship IV = A W b, A ., 22.5 ms-1, b .. 0,207 
Impulse attenuation (k) as a function of' static load (w)' from linear 
regression of log p versus z at constant W 
w (kNm-2) 1,80 2,40 ).20 4,20 5.6o 7.40 10.0 1J,O 17.0 22.5 )0.0 4o.o 52.6 
k ( m-1 ) 
-
15.36 15.51 15.60 15.73 15.80 15.92 16,09 16.14 16.32 16.)9 16.55 16.58 
F { Nm- 2 ) )01 330 358 391 424 465 506 548 599 652 714 771 
In the relationship 1 k = kl + q log w 
' 
kl = 15.02 • q .. 0,405 
TABLE A 12.2 (Fraction 4 1 35 kUz Crystal) 
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Size Fraction 4 
J5 kllz Crystal 
kNm-2. 
kNm-2 
kNm-2 
kNm-2 
6o 120 
TraneducP.r Separtttion 
~if';UE_£~~ 
(•) 140 (mm) 
!.lEU • = 31.7 mm; h5 = 600 pm ~ • = 40.5 nnn; h5 = 705 pm BF.D 5 z = 78.4 nnn; bj = 575 pm ~ • = 109.1 nnn; h5 = 870 I"" 
\1 h ta tp t. p \1 h t. tp t. p 
k.J.'lin.-2 pm ps JlS JlS 1-.\n-2 k!-.\n-2 I"" JlB ps ps Nm-2 
w h ta tp t. p \1 h t. tp' t. p 
k!-.\n-2 pm ps JlS ps 1-.\n-2 kNm-2 pm ps P' )lS Nrn-2 
52.6 805 52 671 85 580 52.6 900 66 81 99 li]O 52.6 79:> H.O 160 178 215 52.6 1100 188 210 223 uo 
%0.0 775 53 69 87 550 %0.0 880 67 82 100 HO 40.0 780 H2 162 180 185 40.0 1090 193 217 236 95 
30,0 755 ~i'l 70 89 'J90 . 30.0 860 68 83 102 }6) 30,0 750 HS 170 187 157 30.0 106) 200 22] 2'!5 8·'i 
22.5 730 5G 72 91 ltltO 22.5 81-l) 72 87 106 3~0 22.j 725 153 178 197 138 22.5 10'!0 212 238 257 76 
17.0 710 59 7'• 93 360 17.0 825 7'• 90 109 2DO 17.0 695 163 187 206 120 17.0 1015 225 252 271 68 
13.0 6U5 62 77 96 300 13.0 nlO 78 93 112 255 13.0 675 175 197 216 102 13.0 995 237 2GG 2fl) 6'• 
10.0 680 65 82 101 2'J~:;' 10.0 795 80 98 115 230 10.0 650 182 210 228 91 10,0 975 250 278 2?5 ~);1 
7.%0 (l(,Q (,7 85 lO'J 220 7.~0 780 85 103 122 205 ?.loO 635 191 222 238 84 7.40 9GO 2G7 300 
-
52 
5.60 650 70 89 107 1$'7 5.60 770 90 103 128 175 5.60 615 205 21,0 255 78* 5.60 91~5 235 317 - )0* 
%.20 6110 72 n 110 170 %.20 760 93 112 132 160 4.20 610 215 252 - 76* %,20 91!0 298 3J3 - 50* 
3.20 GI!O 711 93 112 WO 3.20 755 98 us 1.39 1'~0 3.20 60) 22) 262 - 78* 3.20 925 320 355 - 50* 
2.%0 625 80 99 118 150 2.~0 7115 102 125 11J6 125 2.40 600 235 278 - 7%* 2.40 920 337 377 - '!7* 
1.80 615 86 uv. 12h 11t5 1.80 7'tO 108 133 15'J: 115 1.80 595 252 297 - 78* 1.80 910 357 ,,o::; - l16lt 
BF.D 3 • = ~o. 7 mm; h5 = 1100 pm ' ~ • = 6a.6 ... , h5 = 895 pun BED 7 • = 12o.o mitt; h5 = 1ooo pm 
\1 b ta ~ t. p ' \1 h ta ~ ts p -~2 pm ps ps J1S Nm-2 kNm-2 pm )'" ps pa Nm-2 
\1 h t. tp t. p 
kNm-2 pm ps p• ps Nm-2 
52.6 1300 70 93 111 355 52.6 1115 116 13% 153 2IJ:O 52.6 128J 205 2!10 2)8 98 
%0.0 1885 79 93 112 320 %0.0 1100 119 137 156 225 1,0.0 1265 215 250 263 91 
jO.O 1260 81 96 115 310 30.0 1070 125 1'.1:2 161 200 30.0 1230 223 2)B 275 82 
22.5 1235 U5 99 119 27) 22.5 10115 130 150 169' 170 22.5 1195 230 265 285 75 
17.0 1220 38 10·11 123 260 17.0 10::.!0 137 160 179 1'!5 17.0 1165 2'12 275 295 70 
13.0 1200 92 1013 127 2~5 13.0 100) 145 166 185 130 13.0 1130 2()3 293 312 62 
10.0 1180 97 115 135 210 10.0 990 150 173 192" 115 10.0 1110 275 310 3JO ss 
. 
?.loO 1Hi5 102 119 138 175 ?.loO 970 158 18'J 202 102 7.40 1080 293 330 - 5'! 
5.60 1165 10il 128 HG H7 5.6o gGo 170 195 212 95 5.60 1070 310 355 - 5'** 
%.20 1150 113 t:ill 15'-" .1'12 4.20 9.JO 178 207 22~ 90·* 4.20 1055 325 370 - fJ9* 
3.20 11-'JJ 120 139 160 130 3.20 91tO 187 220 232' ·flS* }.20 10)5 31•5 390 - '""7* 
2,40 1130 126 1'13 170 11J 2,%0 94;0 19) 2JJ 
-
901t 2.110 10't5 ;Go IJ-10 
-
IJIJ:!t 
1.80 11~5 .tJ'l ~J9 1BO 10j 1.80 9)0 208 W.iJ 
-
92lf L80 10)5 3()0 I,Ji) 
-
t.~-G* 
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Bed Transducer Porosity Linear regression of' Linear regression of' 
separation of' bed log t 8 versus log W log p versus log W 
af'ter 5 cycles Slope t 8 (W= lkNm-2) Slope p (1~ ,. lkNm-2) Lower limit of' W preparation 
(z,mm) (~) (me) (Nm-2) for correlation 
1 )9.8 )7.8 -0.16) 0,118 0,410 88.6 1.80 
2 49.6 )7.0 -0.180 0.147 0,)77 8).4 1.80 
:3 67.7 )6,2 -0.18) 0,2)1 0,445 42.4 5.60 
,, 77.8 )5.7 -0.189 0,281 o.49J 29,8 7.40 
.5 108.2 )6.1 -0.207 o.4o4 0,)69 24,6 7.40 
6 119.0 )6.2 -0.200 0,4)5 O,JlJ 28,4 7.40 
-
-,_, 
I _$' Impulse velocity (v) as a f'unction of' static load (w) , from linear regression of ta versus z at constant w 
w (kNm- 2 ) 1,80 2.40 J,20 4,20 ,5.60 7.40 10,0 lJ,O 17.0 22 • .5 )0.0 
v ( ms-1) 274 29J Jll JJ2 J.5J :374 401 424 449 479 _510 
In the relationship I V = A W b, A "' 241 ms-1 , b = 0,220 
Impulse attenuation (k) as a f'unction of' static load (w), f'rom linear 
regression of log p versus z at constant W 
1f (kNm-2) 1.80 2,40 J,20 4,20 5.6o 7.40 10.0 1),0 17.0 22._5 JO.O 4o.o _52.6 
k ( m-1 ) 
- - - - -
18,02 18,J5 18.58 18.84 19.10 19.)8 19.64 19.92 
F ( Nm- 2 ) )86 447 506 575 6_56 752 862 982 
In the relationship 1 k = k 1 + q log W • k1 = 16.13• q = 0.956 . -
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Figure A ~hl 
~ z = 31J.2 mm; b5 = 690 pm l!!!!22 z = 52.3 mm; b5 = 1010 pm DED 5 z = 97.1l mm; h5 = 10110 pm BED 6 z = 11.0.1 mm; h5 = 1155pm 
w h t. tp t. p w h t. tp t. p 
kN:n-2 pm ps )lS ps Nm-2 kNm-2 pm r• ps }" Nm-2 
52.6 975 5'! 69 8'1 255 52.6 121•5 83 97 112 190 
w h ta tp t. p 11 h t. tp t. p 
kNm-2 pm ps p• r• Nm-2 kNm-2 .1""_ 1" ps p• Nm-2 
52.6 1270 170 188 203 72 52.6 1}70 200 217 233 GO 
40.0 9115 55 70 85 2'10 40.0 1225 85 99 11'! 170 lt,O.O 1250 172 192 207 67 40.0 iJJO 20j 223 238 55 
30.0 905 )6 71 86 210 30.0 1200 87 101 116 152 JO,O 1225 177 198 21'.1, 58 30.0 1JJO 210 2J2 2 1!7 51 
22.5 86) 58 7'• 89 187 22.5 1180 91 106 121 130 22.5 1200 187 208 22/J ~j/1 22.5 1J05 220 2 11) 259 '•6 
17.0 835 61 76 91 tGO 17.0 11'15 95 uo 125 120 17.0 1175 200 222 237 <a 17,0 1280 232 257 272 ''O 
13.0 315 6) 80 9'• H2 13.0 1130 100 115 1}0 105 13.0 1150 215 235 21~9 hli 13.0 1265 2117 2"'1') ,. 285 }'J 
10.0 790 G7 83 98 130 10,0 1115 J.O!l 120 137 95 10,0 1130 223 2117 260 42 10.0 12'15 260 207 
- 33 
7.40 775 71 86 102 115 7.40 1105 108 126 1'12 87 7.40 1115 232 260 - '*1* 7.40 1230 277 305 - 32* 
5.60 765 7h 90 105 105 5.60 1075 11'.l 135 152 76 5.60 1110 216 278 - 38• 5.60 1220 290 320 
- 3.1 * 
l:..20 7115 79 95 111 92 4,20 1065 122 1'1-3 159 61. %.20 1090 2)7 292 
- 38• 4.::w 1215 305 337 - 3211-
3.20 735 82 99 115 90 J,20 1060 127 11!9 167 60 3.20 1070 275 312 - 37• 3.20 1210 3<)') 355 - 29* '--
2.1.~;0 735 86 102 118 so 2,40 1055 132 155 172 Go• 2,40 1070 290 327 - 35* 2.40 1200 31!2 J/0 - 23ll· 
1,80 730 90 103 12'1 72 1.80 1055 111.0 170 183 56* 1.80 1065 310 350 - 36• 1,80 1195 3Go 395 - ""* _, 
!:i BED 3 z = GIJ.O mm; hs = 890 pm .!!!:!!!..! z = 79.1 mm; h5 = AGO )"" DED 7 z = 125.1mm; b5 = 1610 pm 
- w h t. ~ t. p w h ta ~ t, p 
k.'lm-2 pm JlS I'" ps Nm-2 kNm-2 )"" ps r• rs Nm-2 
w h ta tp t. p 
kNm-2 pm ps ps ps Nm-2 
52.6 1E25 107 125 VtO 130 52.6 1070 135 157 tn 98 52.6 1805 230 258 273 50 
1:~:0.0 1105 110 128 H3 113 40.0 1060 Hl 162 177 88 40,0 1785 21!0 265 282 '15 
30.0 1080 11'1 1.32 11.t7 102 JO,O tOltO. 'J.li7 170 1B5 78 :;o,o 1770 255 275 291 •o 
22.5 1060 H9 137 152 89 22.5 1020 152 175 191' .67 22.5 171t5 270 292 jflf3 35 
17.0 1035 123 1'12 158 78 17.0 100) 163 183 19fJ 53 17.0 1730 21)0 312 325 32 
13.0 1015 123 H9 tGJ 72 1},0 985 172 192 207 5'-l 13.0 1715 303 330 
-
30 
10.0 1000 136 156 172 65 10.0 975 176 201 217 50 10,0 1705 320 3117 - 27 
7.40 975 1'12 t((j 178 62 7.40 955 190 21) 2<)<J 
"" 
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-
25M-
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Bed Transducer Porosity Linear regression o:f Linear regression o:f 
separation of' bed log ta versus log W log p versus log W 
af'ter 5 cycles Slope ta(W= lkNm-2) Slope p (lf '" lkNm-2) Lower limit of' W preparation 
(z,mm) (%) (ms) (Nm-2) for correlation 
1 J3.5 37.0 -0.172 0.100 0.)85 55·3 1.80 
2 51.J )6.7 -0.169 0.154 0.415 )6.7 J,20 
J 6).1 J6~o -0.175 0.203 0.)67 29.0 4.20 
4 78.2 )6.1 -0.182 0,271 0,393 20,2 7.40 
5 96 ,If )5.9 -0.193 0.)44 0.)40 18.7 10.0 
6 108.9 J5.2 -0.194 o.4o4 0,384 1),4 10.0 
7 12).5 34.8 -0.190 0.492 0.)70 11.4 10.0 
. 
Impulse velocity (v) as a function of static load (w) • :from linear 
regression of' ta versus z at constant w 
w (kNm- 2 ) 1.80 2.40 3.20 4.20 ,5.60 7.40 10,0 1).0 17.0 22.5 30.0 
V ( ma-l) 260 275 292 308. )26 345 366 386 408 432 457 
In the relationship I V = A W b, A = 231 ma-l, b = 0,201 
Impulse attenuat~on (k) as a function of statio load (w)' :from linear 
regression of log p versus z at constant W 
w (kNm-2) 1.80 2,1w .J,20 4.20 5.60 7.40 10,0 13.0 17.0 22.5 30.0 40,0 52.6 
k ( m-1 ) 
- - - - - -
17.88 17~93 18.07 18,14 18.2) 18,)5 18.42 
F ( Nm- 2 } 227 252 282 315 354 399 445 
In the ·relationship I k = k 1 + q log W ' kl = 
17.10 
• q = 0,))6 
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